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IMTHGDUCTIOH 

This thesis is concerned with the 'inclusion problems' in 
the infinitesimal theory of elasticity. Briefly the problem may- 
be stated as follows * 

A region (the 'inclusion') in an isotropic elastic medium 
undergoes a permanent change of form which, in the absence of the 
elastic constraints imposed by the surrounding material (the' matrix' ), 
would be a prescribed uniform strain. Find the elastic field in the 
matrix and inclusion. The inclusion may or may not have the same 
elastic properties as those of the matrix. If the properties are 
different, the inclusion will be termed as * inhomogeneity ' . Such 
dimensional changes in the inclusion could arise due to thermal 
effects, plastic flow or phase transformation, thereby generating a 
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system of locked-up accommodation stresses. 

For a wide review and possible applications the article ’Elastic 
Inclusions and Inhomogeneities' by J . D. Eshelby in Progress in Solid 
Mechanics, Vol. II ((5)) , may be referred to. Hew ever, it may be 
stated that the applications of such problems can be found to such 
diverse fields as engineering , physics and even atomic physics. The 
engineering applications of the theory of cavities may be read from 
•Stress concentration around holes’ , (Pergamon Press, 1961) by 
G.N. Savin, or from ’Kerbspannungslehre* , ( Springer-V erlag, Berlin, 1958) 
by H. Neuber. As regards applications to physical problems, one finds 
its use in the theory of martensite transformations, the theory of 
cracks, etc. Recently much attention is being paid to determine the 
elastic constants S i3kl , of polycrystalline aggregates, where 

actual constants vary from grain to grain. The results have also been 
used in predictions of macroscopic elastic moduli of two phase composites. 
Haahin((8)), Hershey((9)) , Hill((lO)) - ((12)) , Budiansky ((2l)) and 
various other workers have tried to work out such problems . 

The applications cited are essentially macroscopic. Elastic 
inclusions have also been found to be useful models of lattice defects 
in crystals. It is not at all obvious that a model of this type will 
be of any use in discussing the lattice defects and yet calculations 
are being made upon such hypothesis. Dundurs and Mura ((22)) have 
investigated the behaviour of an edge dislocation present in the matrix 
with a circular inclusion. Dundurs and Sendeckyj (( 25 )) Have 



studied a similar problem in which the dislocation is present inside 
the circular inclusion. 


iii 


A simple problem of spherical inclusion in an infinite isotropic 
elastic medium was first studied by G. Frenkel ((7)), and then by 
Mott and Nabarro ((24)), and Nabarro ((25-26)), in connection with 
their theory of precipitation hardening in alloys. No progress could 
be made for next fifteen years or so . A systematic study for ellipsoidal 
inclusion was given by E shelby ( (4, 5))» where he made use of what may be 
described as 'point-force technique' . Three-dimensional inclusions which 
are more realistic are found to be intractable except in the simplest 
case. The two-dimensional problem is comparatively simpler to deal with, 
because of the application of complex variable method. A complex variable 
formulation to the inclusion problem was given by Bhargava and Jaswon 
((6)). The problem, as far as it is related to elliptic inclusion of the 
same material as that of the matrix, was solved by them. If the elliptic 
inclusion material is different from that of the matrix (yet isotropic) 
the problem is still solvable, as was done by Bhargava and Radhakri shna 
(( 13 , 14))* Then a great stride was made by taking the inclusion and 
the matrix of different orthotropic materials ((15)) . This was possible 
by what may be described as the application of energy principles to 
inclusion problems. Willis ( ( 20) ) has given the solution to the problem 
of an elliptic inclusion in a cubic material. 

This thesis may be regarded as a continuation of such two-dimensional 
problems. It appears necessary to remark at this stage, that the previous 



work has been upon elliptic inclusions in two-dimensions and 
ellipsoidal inclusions in three dimensions . It is not surprising, 
because of the fact that integrals involved are comparatively easily 
tractable in these cases. In the former case, the integrals are 
suitable Cauchy 1 s integrals ; in the latter the theory of ellipsoidal 
harmonics can be employed . F or shapes other than elliptic, one has 
to be extremely careful, because of multivalued integrals which my 
be involved. In this thesis we have given the solutions to the 
rectangular and triangular inclusions. 

In all the solutions so far, the matrix was supposed to be 
infinite in all directions, ihat happens if the matrix is semi- 
infinite, is yet another important class of problems, which has not 
been attempted so far, as far as is known to the author. It seems to 
have important applications in engineering, geophysics, metallurgy, etc . 
Damage to structures resulting from swelling of clay soils has been 
well documented over years, ^hese problems have risen in connection with 
both undisturbed and compacted clays used as a foundation for structural 
frames and for slabs. In most instances, the damage has been attributed 
to vertical component of swelling and also the horizontal component. 

The swelling usually is due to the variation of moisture content of 
clays. A similar situation could arise where piles have been constructed 
in a soil mass, ^he simple model of homogeneous, isotropic elastic 
material which has been assumed in this thesis my be a simplification 
of the soil mass which is inelastic continuum. But this does yield a 
first approximation to the situations. 
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Another class of solutions refers to the interaction of inclusions 
and cavities in an otherwise infinite medium. It is hardly necessary 
to describe the importance of such problems in engineering structures, 
where the presence of a hole may considerably weaken the structure, 
because of extreme stress concentration, if the hole is too near the 
inclusion. In the atomic model the case where there may be a vacancy 
in the presence of misfit atoms my be discussed with the help of above 
model. Another class of problems refers to the interaction of the 
elastic fields of two inhomogeneities which are present near each other 
in the infinite medium. A few problems of these types have been 
included here. It appears to be the first attempt when three regions- 
two inhoaogeneities and the matrix; or one hole, one inclusion and the 
matrix; or one inhomogeneity, one inclusion and the matrix are considered. 

Before we begin to describe what has been done in each chapter, it 
seems necessary to state that the solution to the ’inclusion problem' by 
the point-force technique, hinges upon the evaluation of the elastic 
fields due to point-forces, ^his is known in simple two-dimensional 
and three-dimensional cases, and has been made use of at appropriate 
places, where we have taken the results from standard texts. However, 
if the holes or inhomogeneities are present in an infinite medium and 
a point-force is applied to the material, what is the elastic field 
everywhere ? These are problems of considerable importance in the 
theory of elasticity. We have solved a few problems and included them 

here . 

First Chapter of this thesis explains the ’inclusion problem' and the 
'point-force technique' . The original work starts firm the second Chapter. 
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In Chapters II and III the problems of a rectangular and a triangular 
inclusion are solved. Ordinarily problems involving such regions are 
solved by means of conformal maps which in effect round off the corners 
and slightly deviate the sides from their straightness. But here we 
are able to dispense with such a technique and give exact analytical 
solutions which hold good even in neighbourhood of the corners. 

Chapters IT and V deal with inclusion problems in send. -infinite 
medium. In Chapter IV a circular inclusion is taken up and in Chapter V 
a rectangular inclusion with a side parallel to the leading edge is 
considered. It is found that the edge effect is confined to a small 
region around the inclusions and when the distance of the inclusion is 
four to five times the radius of circular inclusion, or the length of 
the rectangular inclusion, the solutions differ slightly from those for 
the infinite case, the error being of the order of about two in hundred. 

In Chapter VI the effect of a concentrated force which is applied 
at a point of the boundary of a circular inhomogeneity has been evaluated 
in terms of complex potential functions. In Chapter VII the case of a 
deforming inhomogeneity of rather a general type is considered. The 
results of Chapter VI have been utilised. E shelby ((5)) has also 
suggested a nethod of solving such a problem. But his method was found 
to be quite cumbersome. The method developed here is direct and simpler. 
In Chapter VIII the complex functions yielding the effect of a concen- 
trated force applied at any point of the elastic medium containing a 
cavity have been obtained and these results are applied in Chapter IX 
to solve the inclusion problem in the presence of a cavity. The results 
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could be applied in the theory of cracks which has played a part in 
Griffith’s treatment of rupture (see for example, Sneddon ((29)) )• 

In Chapter X the effect of a concentrated force acting at any 
point of a medium containing an inhomogeneity has been found out in 
terms of complex potentials. In Chapter XI the problem of an inclusion 
undergoing dimensional changes in the presence of a circular inhomoge- 
neity has been dealt with. Some numerical work was done which has been 
included in the form of tables and figures at the end. 

In the last Chapter the problem of two deforming Inhomogeneities 
has been solved through an interesting process of superposition. This 
is the first time, when two inhomogeneities have been considered with 
elastic constants differing from the surroundings. Even though the 
solution is obtained in a surprisingly simple maimer, the problem is 
the most important one in this thesis. Moreover the superposition 
technique used here can have very wide applications. It has lead us 
to feel strongly that the problem of simultaneous presence of any 
number of inclusions reasonably placed in the complex plane can be 
solved by the repeated application of the process indicated in the last 
Chapter, 

The work presented in the Chapters II, III and VIII to XI is based 
on the following papers which have been published or are under 
publication. 

1. Two-dimensional Rectangular inclusion. 

(Under publication in Proc. Nat . Inst . Sci. India.) 
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2 . Two-dimensional triangular inclusions in an elastic infinite 
medium. 

(Bulletin de 1 ! Academic Polonaise des Sciences, Yol. XI, 

No. 7 , 1965). 

3 . Circular inclusion in an infinite elastic medium with a 
circular hole. 

(Proc. Camb. Phil. Soc . ( 1964 ), 60, 675). 

4 . Circular Inclusion in an infinite elastic medium with a 
circular irihomogeneity. 

(Proc. Camb. Phil . Soc. (1966) , 62, 113 )- 

In addition, the contents of the last Chapter have been communicated 
to the Proc. Cambridge Philos. Soc. by Prof. J . G. Oldroyd and of 
Chapter IV to Proc. Nat. Inst. Sci. India , by Prof. R.S. Verma. 
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CHAPTER I 

INCLUSION PROBLEM AND POINT-FORCE 

A large category of problems of the theory of elasticity 
which are important for practical applications and at the same 
time admit of considerable simplification in the mathematical 
aspect of the solution are two-dimensional problems. The 
mathematical formulation and the basic results are available in 
many books, e.g. ((l))» ((2)) and ((3)). The figures in the 
double parenthesis shall mean the reference numbers in the 
bibliography (page If 6 ). The results which we shall need in 
this thesis are included below for ready reference as well as for 
familiarity with the notation. 

The fundamental problem of plane elasticity in the absence 
of body forces is to solve the biharmonic equation 
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under appropriate ■boundary conditions* The Airy’ a function ¥ is related 


to the stresses "by the equations 


*2 


•2> U o- 

3 x> * ^ 
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<L 


3 ^x. 7 ^ ~ d-x.0^ 


-dU 

3-X.3'- 


Alternatively in terms of complex variable formalism, main 
problem is to find two cosplex functions <$<-*•> and of the 


complex variable 


2. S 3C + 


satisfying appropriate boundary 


conditions. They axe related to the stress and displacement components 
in the following way * 


cri 


_ £TJ_ 2i 


W 4<^> | 

aL ^ 4 s ^C tc) +'V|* , C2XJ 


(D 




£ /•<- (_ U-tC-O-) na tyt'Z.) — 2L <|5C2> — 


( 2 ) 


where <* •= 3 -it V for plan® strain ©as® and sx c j*r£21 for generalised 

“ 1-4- "D 

plane stress ease. 

Corresponding to a given state of stress of a body, the complex 
functions <pc*) bbS. i|-cn; change with a ©hang® in the coordinate 
system. If the origin of plane is shifted to a point x 0 without rotation 
of axes and if <J>cz-> bM nf >,C l) «• th ® ^^^na in the new system, 

corresponding to 4>d2; -q»C*) i* «« old system, it can ba shown 

that 

<t> v C*z) = ( 5 ) 
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CX > = *H» - 2 0 )-7 0 (p'c-z-zj. 

1 ( 4 ) 

It is seen that the function is not invariant for a translation 

of the ares i.e* , the values for the old functions cannot he derived 
by simply replacing z. by ~z.~'z 1} in . In contrast, the 

function $Cz-) is invariant. The effect of rotating the axes, 
leaving the origin fixed, md turning t the axes through an angle 
is given ty the following equations 

\cz.)= 4 K^e®, «> 

—£a ~<-Q 

'^C'z e ; € . (6) 

low we state the inclusion problem * A region (the inclusion) 
of a homogeneous, isotropic elastic body tends to undergo a change of 
form which in the absence of the surrounding material (the matrix) would 
be a prescribed homogeneous strain. Owing to the elastic constraints of 
the satrlx locked up accommodation stresses develop in the system* 
Determination of the stresses mad the equilibrium configuration is the 
inclusion problem. Let us use the term * free-inoluslon’ for the free- 
surfaoe configuration which oould be attained by the inclusion, if the 
matrix were not there . 

Unlike inclusions of simple shapes namely sphere or a circle, the 
equilibrium boundary of the general inclusion becomes an unknown of the 
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problem. Thus* for instance when the inclusion and the free-inelusion 
are similarly situated rectangles , the equilibrium boundary is not a 
similar rectangle, not even a rectangle (fig. 5, p. 155) • Generally 
speaking, to calculate the correct shape using direct procedures 
presents a difficult mathematical problem. However, very powerful 
indirect attack on such problems, based on the concept of the point- 
fore®, has been introduced by J.D. E shelby ((4))« Even though his 
argument is a purely heuristic one, it ha® yielded very good results 
as has been illustrated in the works of Eshelby ((4* 5))» Jaswon and 
Bhargava ((6)), Bhargava and Shartna ((l?» 18)) and Willis ((20)). 

In brief the idea is explained int the following sequence of 
imaginary cutting, straining and welding operations. 

Cut out the inclusion from the medium. Allow it to attain the 
free-state configuration. low it can no longer be fitted without 
strain into the cavity from which it was taken. Apply surface tractions 
to the surface of the free-lnolution so as to reduce it to its original 
sise. At this stage there will b® a stress field present in the 
inclusion. We shall call this field ‘the constrained- stress field 1 
for future reference. Put it back in the cavity, maintaining th® 
tractions. Weld the material together across the surface. At this 
stage no stresses appear in the matrix. A distribution of point-forces 
ia now applied over the boundary* «*F sl «“** opposite to the impressed 
surface tractions. In the absence of the matrix these point-forces , 
superposed on the traction®, would have the effect of restoring ths 

state dimensions. However, owing to the elastic 


inclusion to its free 
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constraints of the matrix, this superposition produces an equilibrium 
configuration. In other i»rds the effect of the deforming inclusion, 
so to say, is to bring into play a distribution of point-forces on its 
surface. 

Thus, if we know by some means the stress-strain field associated 
with a single concentrated force applied at a point of the medium, the 
cumulative effect of the distribution of the point-forces on a surface 
can be obtained by the process of integration. The stress and strain 
fields in the matrix due to the inclusion will be the same as due to the 
point-forces distribution. In the inclusion, however, the stress field 
is obtained by superposing the stress field due to the forces,on the 
stress field already present there due to the impressed tractions . 

Ushelby (( 4 )) solved the problem of an ellipsoidal inclusion by 
this method. The problem of a fore© acting at a point in an infinite 
elastic medium was first discussed by Lord Kelvin. 1 force (X,Y,Z), 
acting at (x,y,s) , produces a displacement (u , v , w ) at (x, yj, z) 
given by the formulae 


y 7^4^ 



+ + Z<r.-2 1 )'£ 


>*4 /A 


L 7 * IJ 


where 


'Ur, co have similar expressions 
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For two-dimensional problems the expression for displacement 
at a point (x, y) one to a concentrated fore® acting at the point 
(*!* y,,) is 


X m U. -a — ,°( T X ^ irf cL 1 

X <j( -^0 1 -V * (x-x,) C ) 


^ CX. — V 


where oL => Z-lfV for plan® strain and oi = *- for plane 

H-v 

stress . There is a similar expression for t. 

The complex functions <p(z) and ~tyC-z.) » due to & 
concentrated force is given , say, in (( & » ®))» A point force 
P- P x -v C acting at the point ^ of an unbounded body has the 
following derivatives of the complex functions <pcz) and ^£'z) 
associated with it : 

<p'Cx), szIL, J_ , (7) 

Jt' 

Vcx>= J— -1£_ _i . 

*-J JSittrf+O ' (a) 

where P is the conjugate of P . 

The cumulative effect of a distribution of point-foroes acting 
along an arc 7 of art infinite isotxopio elastic medium can be obtained 
by integration of the individual effeots of the concentrated forces. 
Thus , if PC$; is the distribution of forces given as a function of 
point \ on 7 , them 
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<P'C z) = - — i" P°<j , (9) 

7 2-^x 

>^Z)= * f-l*u - f s f — .■ do) 

5 ft- £>*-+- ij) ^ y jfitO ; + , .)<r*-J) X 

As an illustrative example we take a circular inclusion of unit 
radius which tends to expand to a size • -+ £ , where 6 is small so 
that the linear theory is applicable. In the presence of the matrix an 
intermediate size will b® the equilibrium sis®. The point -force layer 
generated can be shown to be as given below t 

Fds = C? { -tC? z )ds = -XC 0-*,K) S df 

PcU = -^P-aJ = S.C ^ Y 

The cumulative effect will be given by the integrals (9) and (10) 
idler® y is now a unit circle. Evaluating the integrals we obtain 


cj/cz) - 


tA) £ 

<?C-+ I 


( 11 ) 


for z in the inclusion* and 


( 12 ) 


<f/c*;= o, 


(13) 



( 14 ) 


Vex) = — — , 

c< I 'z-*- 

for tl , in the matrix. 

The stresses sad displacements in the matrix can he found directly 
from (13) and (14) with the help of (l) and (2). Bat in the indue! an 
(ll) and (12) give only a part of the stress field . The constrained- 
stress field giren by 

<7^= -a + 

^ =• -P.C ^ -tA) £, 

mast be added to it to obtain the net stresses in the inclusion. 
Continuity of normal and tangential stresses across the boundary yields 
a check on the analysis. 
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CEAPTBl II 
EBCT1S&ULAB INCLUSION 


W® now oonaider th« following problem. A rectangular bole of 
aide® 2a, 2b is out out of an infinite isotropic elastic medium, and 
a rectangular inelnsion of aides 2a( 1 + S, ) , 2b( 1 + ) is f oread 

symmetrically into the cavity. Here S, f S z are small quantities 
within the limit of elastic strain, What will be the equilibrium size 
and shape of the inclusion, and the accompanying stress-strain, field ? 

Following the method proposed by Eshelby, we first reduce the 
inclusion from its free dimensions to the dimensions of the hole. This 
is effected by impressing upon it a displacement field 

U. = - x , •%>= - S z ^ (15) 

It can be seen that this transforms, to the first order, the rectangle 



10 


into the rectangle 


X = ± %OL Cli-S,) ? 

V ± *l>0 + s x >, 

x = ±sa ; 


1 ■= 't 2 -t. 

Corresponding to (15) there exists a strain field 


"*tX. 


S» , 


e ^2 “ ~ s x j 


'■'l 


o 


and a stress field 


0 

r x. - 

-Z ^ (X-t-S x ) -+o-mS ( 1 > 

1 

ll 

fl ,K5 

O 

- £1 ^ c ■+• -+ *r >. s^”) 

II 

0 . 


On the boundary the surface traction components 


( 16 ) 


(17) 


~T° = CoSC^-n) •+ 


(18) 


Tjj. = Cof Cx,<n ) -f- 

are required per unit length, at a point share the outward normal to 
the boundary has direction 00 sines cos (x, n), cos (y, n). The 
opposing point-force components are 


P, «-T,° and P x = -T* . (19) 

fe write the boundary conditions (18) in another fashion as follows 

T t ° - _ ‘Xct Xl. 

^ dz ; 

T 6 - CT“ H _ er°. dx 

' 2 -' ? ~rs t ~r s 


( 20 ) 
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Also, if 'i ~ x-tC^ signifies a boundary point. 


— J_ ( 

<=*S ~ 2- 1 ~dl 


*X) 

dL$ 


Ihenoa 


£r „ -*1*. _ . 

ds' ^ 



Accordingly from ( 19 ), (20) and (21) , 

(P ) + <:P z ) C lS 5 r | -f 

( 22 ) 

(R- cp z ) c (5 = . -±_{ C +^ o( I- 
We hare obtained equations (22) a little painstakingly because me shall 
consistently need them in the following chapters also. It may be 
noticed that the analysis from (18) to (22) does not depend upon the 
shape of the boundary. Thus the point-force distribution is given by 

Pdi, iUC+«- 3 -)<I - 

= - c 03^ j . 

Substituting for P<*s and P <is in (9) and (10), the complex functions 
are aa follows 
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wiier® Y is now the rectangle. The integrals can be evaluated by 
splitting eaoh integral into four integrals, each in turn along one 
aide of the rectangle* Car® has to be taken to evaluate the integrals, 
as they involve aultivalued functions . The resulting values of the 
functions $'<■*) and -z) are 



~^L (_& 1 + G>z ,-f ^ ) 

-f 2sL z3° \ v 

4tt C*+I) L / 


(25) 


Viz) = kiz!L ( &, *0 +6 +0,) - {±+. r»°{Z=L ) 

w (v+o 1 x s 1, / ^ (.**,/ 

x(8,- $,+6 0")- CJS*i+£aV( J±L ) 

J 4 7T V **/ 


<r* ~cr: 


CL b 

”5+7 


X -fej ^ ^ £*z- -*• ^ 9 c 

jxJ.- c. ($■*■£-*) sn, - c 

J- — — 


CK- 1 T) l *’> Kr) 


2 ^ x/ 1 ' 

i) 


(24) 
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where x, = x-+ a., = x- a , = ^ and ^ ^ - b « 

Th® angles 0, , © x ^ q 3? ^ air® angles subtended by sides IB, BC, CD 
and BA respectively at the point z. An angle will be positive or 
negative according as it is traced anti-clockwise or clockwise. This 
has to ascertained fro® the Fig. Ip. 132. . Obviously 

0,-* — O , for % in the matrix, 

- ATT, for e in the inclusion. 
Differentiating (25) with respect to % we obtain 


<t / x) - ~‘ J lT r 2.&XTJ - c a ( 


t» ( -2,ob X^ 


_J_ Co. c 1 

(“ivtfX ) 


(25) 


The stresses in the matrix are directly given by substituting the values 
of Cj/cx) f <p"{~z) and ’Y^cs:) in ( 1). However for inolusion we 
mat add to the stress field the constrained-stress field given by (17)* 
Hence the stress field in the inolusion is given by 




° < - t co-% + z ° a° (_ o, ■+ e z - e^~ e, ) 

°(4I liC***!) 



<r v -I- 


aC ti,) 


Vi 


- 9 ( ^ - crp 

t*~hi 


0?r t c°< -hi) 





ZnO*+') L \ J 

\ (vv>c<+i^) 1 U^^J^^+l, 3 -) J 


-+ (*- + *-*■)( ~ Z k ( b ~ \ 

V u* +vH *t-+-^i) / * 

It can b© readily checked that the normal and tangential stress 
component® are continuous across the boundary, proving thus, that the 
analysis is correct. On the other hand, hoop ©tress is discontinuous 
which it should be on physical grounds. The jump in the hoop stress 
as we cross the boundary is 


Z ( A) ( fi+S'^) ) 

of ~b I 


H" 


Ufl eg, 

od~f-J 


An important particular case can be derived when S, - S t which 
means that the initial stress field in the inclusion is uniform. In 
the matrix the stress field is 

+ O, 

( ir r^+ 1 ^ ^3^ ~ ~=i.r <9,-©+£ 3 -£ v 

*7f L 

. j, «-^) (-*>1?) 1 ( 26 ) 

* c (x-T+nDtxl+y?) • 

It is at once seen that the stress field in the matrix is free from 
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dilatation and is only of distortion. It is of interest to observe 
the variation of the stresses a* and cr-g on the boundary. In 
Fig. 2, 3, p. -m., 1*3 , we hasr® dram the graphs of / <r£ and 
} cr*° for different values of o-/ b , taking Poisson’s 
ratio 1/3 in plane stress case. 

As regards the stresses in the inclusion (for S,= S 2 ) t the 
stress field is given 



Ihe maximum shearing stress in the matrix is given by 



HunerLoal evaluation of the expression can easily be made from 
(26). Lines of constant shearing stress have been drama for plane 
stress case taking ~ 1/5 ? 0T different values of a/b in Pig. 4 » 
p. 1 3 A . Clearly the shearing stress is highly concentrated near the 
corners and in fact it tends to infinity at the comers. It may be 
explained by observing that at points very near the comers, the 
shearing stress is sufficiently large to produce plastic deformations 
and that linear theory cannot be applied to the region very near the 
comers. It can also be seen that shearing stresses are dominant on 
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the narrow sides of the rectangle. Similar results are seen in the 
case of an elliptic inclusion. Ihen a/h * 10, the lines of shearing 
stress are substantially the sene as in the case of an ellipse with 
axial ratio equal to 10. The later were drawn for the case an elliptio 
inclusion from (( 6 )). 

As regards the displacement field, we integrate (23) and (24) 
with respect to z and obtain 

/ &, ■+ <9*4 &l) ~Z. — 

tiT (oL+O ^ <V77 (U-0 

^ I*'-* -£)<:*> v; 

- -x[ 9,-6 x + & 3 - & k ) + aa C - &t, ) 


+ i jx + a. lo. 


+ -®«) -+ 2- b <; <9, — <s> 3 i J 


>(^;= fe -rfa* 2; 

</ « -k " ' / 


cr v \ cn,° 


x~-h ° 2 
IfJl e*-+f 


4 


■X. i 8 . t x i-*vi)cxi'+y,’-) 

>>■«.« _ X ( 8 ,-eje 3 - < 9 k ) 
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lo<! 


glIm -l(e,-<^+&3-^)+*bov®3i} 

“ (*•?■♦ INC **+'<?■) 


+ ri-n-r '’■^ +j£) _ i«^ e s ; 

i f q. 4- t*tim£±£L. -+ H( S , -suf 
>■ C x-t-nZ) (xi+yi) J 

^ X **» d 


The displacements are obtained by substituting the above 
functions along with Q'i.'z.) given in (23) in (2)* In particular 
the displacements of the internal boundary of the matrix can be 
evaluated. Regarding the inclusion, it had two displacements- on© 
when it is reduced to the size of the whole and second when it deforms 
due to the application of the layer of point-foroea. It can be 
easily shown that the later is continuous, and has the same value at 
the boundary , as the whole in the matrix. Humeri oal values for the 
displacements iu the case 5 ,* < 5 ^*= S were obtained in terms of ^ . 

In fig. 5,p las , we have drawn schematically the equilibrium shapes 
of inclusions for which a/b » 1 » 2, and 10, for the case of plane 
stress taking v * l/3* 
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CHAPTER III 
TBIlNGtJLJR INCLUSION 

In this chapter the problem of a triangular inclusion is 
solved. The method adopted is essentially the same as in the case 
of & rectangular inclusion in the previous chapter. 

Choosing the coordinate system suitably, the corners of the 
constrained inclusion triangle may b© labelled as A(0,0) , B(a,0) and 
C(b, c), Pig. 6, p. 13s . The homogeneous deformation which the 

inclusion would undergo if it were free , may be prescribed as 

u. « S, (x.- , 

v*“ tt) + (27) 

where S, , and S3 are of the order of permissible strains in 
linear theory. If the above deformation is opposed, a constant 
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•tress field given by 

~ - { “X -+ •a-Xt S v ^ 

o^° ■= _ | Tv £.£,-* Sj.) -4 -x^S 2 _1 

J j 

a _ a J^r 3 # 

i* developed in the inclaaion. The point -force layer for this may 
he obtained on similar lines as the equation (22) 


(28) 


Pas = -^q t»v+ -+ -x; qv* Hj}. 

low ~f is the contour of the triangle. Substituting (29) in 
equations (9» 10) we shall have the oomplex functions in the form of 
integral®. They are evaluated by splitting each integral into three 
integrals, each on© along one side of the boundary* If the radius 
vector joining a fired point (either in the matrix or in the inclusion) 
to a moving point on the boundary, traces an angle in the anticlockwise 
direction, the angle will be positive, but negative otherwise. Thus if 

6,, 0 A 3 are angles subtended by sides AB, BG, and CA respectively, 

* 

at any point z, Fig. 6 p. 136 , the complex functions are 


<f/cr > - - Z * L ±2 a ( ©, -t- ©, -t 62 ) + M 

6-rr #_y > 1 \ a l 


tOt 

* [ * 


■x-}+^ x 


4?C°U I) 


-4- i®, 


b - a. - J c. ( J. JL»q ^ c <9 \ 

8 x i 


J 


( 30 ) 
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V e 
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-t- Z 1 O-C -fc ^ C ^ a ~- I 

+ j a. t'a-cCb-^-Cc) / lo — Cc \ & 2 j 
(jp - ^ tC c^) ^ L — ^,-f-^c J 




( 31 ) 
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It may be remembered that 


9, •+ -t- -s XK t if z lies inside the inclusion, 

— O if z lies in the matrix* 

7 

Differentiating (30) with respect to z, we get 

_^x) -+.C 


6*+«) 


fijjLSi / _n 

/* -jl 1' ' 


+ ( ->C~+ ^ a -) 


Q.~3£.->£, -t iaXK, - 4 - O.’a'X -c^Xi ■*• X&Kil 


■£*-■+ uC. 


- -r x . to>: ^ — C-X^-GJC* -x«.x< 

, — - ( - k 2 i 2 S 3 > - xcxiibjy 1 : __ 

b + CC ( 






9i 


(52) 


The stress field in the matrix is obtained direotly by 
substituting (30), (31) and (32) in (l). However, for the stresses 
in the inclusion we have to add the initial stresses (28) to those 
given by the complex function and (l). It cm be easily verified that 
the normal and tangential stresses are continuous in each side of the 
triangle . 

The interesting case of pure dilatation ( = ^ 3 . , S 3 = o ) is 

studied further. In this case the stress field in the inclusion is 



<9 

C^ x + 
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Lines of maximum shearing stress in the inclusion have been 
drawn in Pig. 7 , p* l$l , for a few particular cases. The maximum 
shearing stress is highly concentrated near the corners as expected . 
Integrating (30) and (pi) with respect to z 
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(33) 
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& 

- °3> - <r x ° -t- •**.* T y 3 _sL C O, -t & z +® 3 ) 2- 

^ 7T <* •*■ f 



Th® displacement fields la the inclusion and the ssatria ©an he 
obtained through the complex potentials and the equation (2)* For the 
particular case of pun© dilation equilihsium shapes for a few oases 
hare been dram in Fig* b , p. 1 57 « 
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CHAPTER IV 
CISCULM INCLUSION IN A HALF PLANE 

An isolated force P is aoting at Use point j of an elastic 
isotropic medium uhioh is supposed occupying the upper half of the 
©ampler plane. Green and Zeraa (( 3 )) have given the complex 
functions d»tx) and \ytz.) ehich give the stress-displacement 
fields due to the point-force P . They were modified to a form 
suited to us and are given belov . 
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S^_ 32 -^ 

«2 fi £<*■+*) ^ Z-j (x- j ) 7 - 


(?-f ) 3 -* 


+ _P j -T 




(36) 


Trti«r« P is complex conjugate ©f P j <* - (y>'**'z>)/(l+'v') f 0r piaa® 
stress case and ^ - 3-1,-? for plan® strain case. Thus, when there 
is a continuous layer of point-forces acting along an arc r of the 
half plan®, the cumulative effect mil be given by 


4 > / cz.)~ 




°< Pds 


( p <- x ~ o * *1 

J j, 


(37) 



f ^ ppdj T __ f *0 (_?J± I 


(38) 


Let ua now consider the ease of a circular inclusion of radius 
unity and its centre at a distance f from the leading edge. 

k-«) <**“>» c “ 16 tak “ t0 the 7 ' “ u 
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passing through, the centre as shorn in the Fig. 9, P- 13? • Complex 

potentials, stresses and displacements obtained due to a layer of 
point-forces will be marked with subscripts \ and according as 
they refer to the inclusion or to the matrix. 

The inclusion in the absence of the matrix tends to undergo the 
displacements characterised by 

u. - $,'X +- ^2,cy-e) f 

^ c c (39) 

~ S z.C^-€) -t S 3 x , 

whence the homogeneous strains are 


First we shall consider the case of principal strains ( <> 3-0 ). 
In the later part of this chapter, the case of pure shear will be 
dealt with. If the deformations (39) are opposed, the stress field 
generated in the inclusion will be 


a n 


x ■= 


(40) 


{ L 

- 7. sx o 

The point -force distribution which comes into play on the boundary 
(z-it)C% +£.£,)*|in this case as found from (40 ) and ( 32 ) , will be 


Pets * - i( j-bM-) CSt-t-S*. ) f f f 

* l — Sj.) (5^ -t (?»*•' 5 t ) £ ( 

We substitute these expressions in (35) and ( 36 ) and evaluate the 




28 


contour integrals. It may fee noted that Y is the inclusion boundary 
ehere we hare the following relations 
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and 



These relations are given because they are used in the integration. Tha 
expressions look simpler, if the substitutions z,r 2 + i( r ^ e ' i 
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( 45 ) 
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The stress field may be found fro* the above potentials by 
means of (t). Bat it wst be emphasised that the inclusion had an 
initial stress field given by (40) and this oust be added to the 
one got from the functions <$»'. tx) and . Before proceeding 

further we can verify that the normal and tangential stresses are 
continuous across the inclusion boundary, of course, on the edge 
J • 0 the normal and tangential stresses vanish, as they should. 

Stresses in the cartesian form are given below t 
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The stresses in the matrix are directly obtained by the 
potentials (p'cz) &>& -vi >' cz) • They are 
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The hoop stress ^ on the edge ©an be found fro® the expression for 
(^;) given above by putting y » Q . 
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The normal ana tangential stresses continuously transmitted by the 
bond on the boundary of the inclusion are given below % 
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The hoop stress is discontinuous across the boundary: 
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In Table 1 , we have given the values of normal, tangential 
and hoop stresses along the boundary of the inclusion for various 
values of distance € . In Figs.16-2 3, p. iki- n»4 , these have 

been graphically shown for the case when £ ■ 1*5 * 

The stresses between the points A and B, Fig. 9 p. us » will 
be of greater interest from practical point of view. The stress field 
near the inclusion and the leading edge was evaluated* for plans 
stress oase taking Poisson 8 ® ratio equal to l/3. Fig. 11 -12 p. 139 
shows the variation of stresses at B with the variation of the parameter 
£ . It is observed that » when this parameter is more than 5» the 
stresses in the matrix would differ from those in a similar region of 
an infinite plate, with an inclusion embedded in it, by about five 
percent. And therefore, for all praotioal purposes, for £ greater 
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than five, the model assy he taken to he a circular inclusion in an 
infinite medium. It is also seen that when the inclusion is almost 
touching the edge, the tangential stress on the inclusion boundary 
is maximum at the points 3) and E, Pig. 9 p. /*r§ , where almost 
equals - 65° and 245° . More over the hoop stress <r s at the point 
B is greater in the case 'riasn S t ^ 6 , £*.= O » than that in the 

case when £,=. o t 5^_= £ • In Pig. 13 p. Ho the variation of 
hoop stress CJ at the point A of the leading edge has been shown. 

The oase of pure shear can be dealt with in a similar fashion. 
In this oas® we have in equation (39) 6i = o , 3 - 2.-0 and • 

The relevant complex potential functions are given below. 
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Once the displacement fields in the matrix and in the inclusion 
are known, we nay determine the equilibrium shape of the inclusion 
from one of them. Of course, when we talk of displacement field in the 
inclusion we mean the displacement field measured relatively to the 
stage at which the inclusion has been reduced to the dimensions of the 
hole. 

In the case of principal strains, integrating the expressions 
(42), (43) » (44) and (45) of p. it , we obtain 
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The displacement fields both in the inclusion and the matrix ax® given 
directly by the potential functions and the equation {,2)« In cartesian 

form 
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la the ease of pare shear only the complex fractions required 
for evaluating the displacement fields from (2), have hem listed below. 
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V 


CHAP! IS Y 

RECTANGULAR INCLUSION IN A SESff-imilTS ELASTIC MBDIUK 

In the analyst® of this ohapter we hare evaluated the stress 
fields for a rectangular inclusion in a seal -infinite medium. The 
else of the rectangala is 2a x 2h . Its centre is at a distance c 
from Idle leading edge. The coordinate ares and the configuration are 
made clear in Fig. r<t , p. \ks . The inclusion tends to undergo the 
following deformation in the absence of the matrix. 

U. a &,7L -V S 3 , 

S3X Hr S^ C^-C) . 

If this deformation is opposed, the following stresses develop in 


the inclusion.: 
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It will lse convenient to deal with principal strains and pur* 
shear cases separately* For principal strain we shall assume that 
S3-© . The case of shear will he taken up later on. 

The point-force layer developed can he calculated from ( 54 ) 
and (52) . Thus 


Pals - — T> C>4M) <Lj — f 

^ = ic + 

substituting these expressions in (55) and (56) and taking f to he 
the rectangular boundary of the inclusion, one can obtain the complex 
potential functions for the principal strains case. The integrals 
can be evaluated by a similar process as in the case of rectangular 
inclusion of chapter V. Each integral is split in four integrals one 
each along a aide of -the rectangle. In this way the integrals reduce 
to ordinary Rierasnn integrals. Care of course has to be taken since 
multivalued functions are involved. The results of integration and 
further simplification are that 
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wker« the following abbreviations have been used. 

X. , - X+a . 3C = X~<3 L. 

VC.+S ^ ^"VC- 

^| ,= ^ _ c - W, and “^1,= ^-c + b. 

The angles ®, > ®a., 0 3 and are angles subtended by the sides IB, BC, 
CD and DA respectively at the point z. An angle will be positive or 
negative according as it is traced anti “Clockwise or clockwise. The 
angles and are angles subtended by the sides A*B' * B'C' , 

C'D’ and D’A* of the inage rectangle Pig. xk ,p. Uiv » To determine 
the sign on® has to again see whether it is traced anti-clockwise or 
clockwise. 

Differentiating (55) with respeet to z we obtain 
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Stresses in the matrix are determined directly from the functions 
4>'c-z.)j cj>"c 2 .) and with the help of (l). At points of the 

inclusion these functions give only a part of the stresses. One has to 
add to then the stresses given in the equations (54) with . The 

analysis can he given a check hy verifying that the normal and shearing 
stresses are continuous across the boundary. Stresses in the matrix can 
be found from tbs following t 
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The case of shear when and ;£■ O is dealt with in a 

similar fashion. The results are given helow % 
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Tlie stresses at points of tiie matrix 
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M m vj | a x 2, c 'U + Us ■; 

a*j-Ly-+h) 

rc * + i; [ x^ tf- 

*£■+ ti 






S. '^1 ' 1 ” j> 

x " + 34- ' *E+Ur 

m- J-. _ 

*r" ft 

' 2 *,^ + *-3 *!.<-*£: 


*?> ^ t 

K t+ii) L 


2 $ / K ^ I ) +• 

£+ z 

^,K * N •ab _+ 4 *,> h'ii_ 

&+tf) 1 ~ 

% #*, C^l_zl± l :t '1 IjIIjz h. 

(S^i) 2 - 



The stresses at points inside the inclusion could be found a similar 
way, keeping in mind the initial stresses present in it given by (54) 
with S^S^s-O. 
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Numerical work ms done on the IBM 1620 computor. tones of 
maximum shearing stress were drawn in the matrix for three sizes of 
the rectangle viz., 1 x 1, JL x t and lOx 1 with distance c of the 
centre of the rectangle equal to i » for the eases 6,^ S*_ = S and 
S,t — 6^x1 'b * They are shown in Pigs, it- 3o p. m- ik3 • 

The non-vanishing coaponent of stress #x along the leading 
edge y « 0 was also computed for these eases and also for pure shear 
case S, - = o , 634 o* are shown in the Pigs, zs-n 

p. 1 ‘if, 146- 
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CHAPTER YI 

IHHOHOGIHKITY HD A POIIT-FQBCE 0® THB BOUSDART 

Hitherto a point-force was acting in an otherwise homogeneous 
medium end we have used the complex potential functions associated 
with it* Expressions for these were available in the references 
((2.)) and (( 3 )). These expressions were useful for the solutions 
of the problems dealt with in earlier chapters. Kith a view to solve 
other problems. It is necessary to find the point-force effects for 
some more cases. This itself may henceforth be taken as an auxiliary, 
but an important problem in elasticity. We propose to find out the 
solution to the following problem s 
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A circular iahomogaseliy of m elastic material present in «a 
otherwise infinite, homogeneous, isotropic elastic medium called 
matrix. The elastic properties of the matrix are different from those 
of the inhomogeneity. A perfect "bond is assumed to exist always between 
the inhomogeneity and the matrix. The centre of inhomogeneity may he 
taken to he the origin. A point "force 9 sets at a point ^ on their 
common boundary. The configuration is given in Pig. 1<< p. 1^0 . 

It is required to find the state of stress and strain in the medium. 

Let the radius of the inhomogeneity he «*, , so that the region 
z.ija of ihe complex plane represents it and the r em ai nin g 
portion of the plane represents the matrix. To distinguish between 
the points of the boundary and other points we take cr to he the 
boundary value of % . The equation of the boundary is therefor# 

crcr^ of » The following conditions must be satisfied by the 
final solution . 

a) The normal and tangential stress should be continuous across the 
boundary. 

b) The stresses should vanish at infinity • 

o) The displacements at the boundary should be continuous and should 
be single-valued. 

d) On physical grounds, at large distances the inhomogeneity should 
not affect the elastic fields of the matrix. 

The construction of the potential functions is achieved in the 
Assume the forms of the functions as under 


following way. 
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. # f jfi 

^ ^(9.=- 4 > ^ > -V C^C-2-) - G < ! -z^Czi-J- V<Z) j (65) 

J 3 

^fe«r© © is the vectorial angle. Using (58 - 62), (63) gives the 
following equation 

^ C^-t) C ^-‘P* - P ^ ^ ^ C- pi ( p E - ?A - P) 

•+ P£E- 1-A) if-SIU»'--^--?j) + {j.( 1 p |! 

cr 

-4- »JS? ) + H . BP~ !>p ^ i PF-Pl)] ^of< 

SLl!: + a-' 2 - f *1 k tXT f _ ifLll? _f. (P ^ 4 PH -PD) 

cr' 3 - ^ cr * 

x( £p-^ _ Ptrp £ CjC^-f ) ['u' L - -try] = O* 

Using v-T-- aHr » tlie l«f* band side of the above equation can be 
put in the fom of a polynomial in gr . Equating to zero the 
coefficients of various powers of we get a set of seven 

linear equations in the various constants . It may be seen that only 
five are independent and are given below . 

o, 

o 1 
o , 

o . 


Pk+Pk 

Ok 1 - 

_PCE- 1-A1 + (l£-SP-Bp) 5 . = 

E - A - 1-1 
F - I ~ $ + C - 

(j£ — bp _ "fep) °C +(f-^ + fh-dp) = 
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Since the displacements axe continuous across the boundary, therefore 




( 64 ) 


or 


*2- =. <r~ 


'"L. ‘r (j- 


-L 

w . ! v 

V L L 


lcr)_ cr — l^£ar ^ tr J_ f 






^ ^ 


£ r fe> ( 65 ) 


Using ecpation (58 - 6l), equation ( 65 ) would yield the following 
equation 



{ - H CcF ~l ) ( l ~ E ) V ? *U<j 

- <r P| C.E.--I) Ctr-^-V + £ ^ _(Pf^ (cr- $ ) 


'+- J ~|r Ccr-p” 1 ^ toj’ ( o-~«j ) -4 K C<r~ •p'"' 1 

4 1 -i^r -V JL -v J ? A J ) 

ir cF 6 j --■+ cr p | a (r-j)*' -4 15 | -+ P j C -(jr^ ^cr-j) 

where ?•= m ^/m^ . The symbol (S becomes a non-dimensional parameter 
and gives the ratio of rigidity moduli of the inhomogeneity and the 
matrix. The terms containing logarithm and the remaining terms would 
vanish amongst themselves. The condition of vanishing of logarithm. c 
terms yields the following two equations 
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The condition of vanishing of the regaining terms gives tiro more 
equations which are as follows s 

a l P( p £ p - A ) - C t I f -^Pa)j* c, 

- f r ■+ 'PH > t (p J 1 S -+ F 'X-,V^ ;JL X fc -- ^ P 5 - PD) ^ 0. 

The restrictions that displacements "be single valued in the matrix 
yields the equation 

e + ^ F t Q •+ x - o. 

Finally from the last condition we get the following equations i 

£ + P ---- o, 

and 

G + L *-= O . 

The set twelve equations listed above for eleven constants A,B, K 

consistent . For case, we writ® •=■ 1! ~ *?) I (P 3 *"- + ') ? 

v x - + • fWM/> 


A = >G -1 , 

5 ^ { P 1 t ? g _ t P T - P f [ 

ia - L p i ^p+^^-i i 

C ■=. C V ~ ) CX?^ f X) ~ J1 j ( I - -^a. ) ^ 

£ = - , T ■= -p, # G = ^ 2 . - -X 

h = ■£ i v , <- , k -- _ ^ ■*_, *'*'11 

p p 

7= - JU ^ f f f -*■*.. )-+ lb* ff J<n-D (1- pJ^ 
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Thus the effect of an isolated force 9 acting on a fixed point 3 of 
the boundary srcr = a?" of the inhomogeneity i® given by the following 
function at 
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(67) 


m 


^ Cz - ) - \ C**v+ V_) •£»* C 'ii - r ) 

u^-Q ^ -z“' j - 4 . --2.— -r — < o tV^j 

i jl + - I 2 i~ L <HvJ+ ') '■ 


x y ^ ~ t > ~' - v , •+ v x - 
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c^-dc p-u \ 


^ + x< 



The effect of a concentrated force acting on the boundary when 
there is a cavity nay easily be obtained by simply setting ^ - o y to, = 1^=1. 
Various other results may be obtained, e.g. if the inhomogeneity and 
the matrix axe of the same materials, one obtains the results for the 
case of a point-force acting in an infinite two dimensional medium by 
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^ - 1 ; i = ^ . If the inhomogeneity is rigid, one /ids 

j_ and i-> x _ _o< • Some of these particular cases 

have been dealt with in the hooks on elasticity theory (( %)) and (( 3 )) . 
In the next chapter the results of this chapter are used for solving 
the problem of circular inclusion idiose elastic constants differ from 
those of the matrix. This problem has been done by many authors ((l6)). 
Eshelby also indicated a method of solving the inhomogeneity problems as 
particular cases of inclusion problem , but the argument is very 
complicated. The purpose of solving this known problem is to indicate 
a direct method of solving such problems by using the restilts of this 
chapter* 
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CHAPTER VII 

CIRCULAR INC LU SI OH TS1TH DIFFERENT ELASTIC MODULI 

The mathematical model of the problem considered in this chapter 
is as follows. The circular inhomogeneity of chapter VI tends to 
undergo a deformation which would be uniform in the absence of the 
matrix. If this tendency is opposed the following system of stresses 
would develop in the inclusion. It may be noted that we are using the 
subscripts and «w\ to distinguish quantities pertaining to the 

inhomogeneity and the matrix respectively. 

Cj= - * 


( 70 ) 
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The point -force layer generated by the deforming inclusion is given 

f As — - - L L % +i- } X y 

p f As= i C Af - £ £x+iC£ 3 ) i* ( 71 ) 

The effect of single point force p acting at a point ^ of the 
boundary was found in chapter VI , equations (66 - 69 ) • 

Thus for a continuous distribution of point-forces given by equation 
(Tf)» it is easily seen that the following relations giving the 
cumulative effeot of the distribution are true. 
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inhere r is the contour of the inclusion. The integral® can be 

evaluated by making use of the relations *■*- j and ^ ^ ■= -j2L^£ 

\ 

on r , wherever necessary. The resulting potentials are given 
below . 
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The stress field inside and outside the inclusion can he evaluated 
from the appropriate functions hy means of relations (l) . It must 
ho sever he remembered that the inhomogeneity had a constrained-stress 
field given hy (70) and it must he added to the stress field obtained 
from these functions. Continuity of normal and shearing stresses can 
he verified at this stage. The stress components in polar for® are 


given below. 
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The results obtained, in this chapter agree with those obtained by 
other writers ( ( 16 )) . 

Integration of the functions given in (72 - 75) with respect to 
z yields 
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The displacement field inside and outside can be evaluated from 
appropriate potentials with the help of ( 2 ). The displacements 
on the boundary can be seen to be 
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CHAPTER VIII. 

A CIRCULAR HOLE AND A POIHT -FORCE 


In this Chapter another important problem is considered. This 
relates to the case, when there is a circular hole in the body. A 
concentrated force is applied at a point of the body . The elastic 
field generated by its action is to be found out. Choosing the 
coordinate system with origin at the centre of the hole, (Fig. is p. iko) 
we have xw. = as the equation of the boundary of the hole. 

Assume the forms of the complex functions which describe the effect 
of the concentrated force P acting at the point as under s 


dst-l) = £ — } — ClL — V ) ~ Q< Cz. — ) 

-M) l * 0 f 

-t A i 1 - r 1 -t- ** 6* z. } (80) 

t J > 
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_£ 

-z.1 rPA+O 


C< -t S ■-£-(. 


) .4 


o /■ — • ^ / 




*4“ 


Sr 1 + £ 


where p is the complex conjugate of p . Here we have introduced 
the unknown constants A,B,C,H and E. This choice gives a proper 
singularity at the point ~ of action of the concentrated force. 

The unknown constants have to he determined using appropriate 
boundary conditions. Thus vanishing of normal and shearing stresses 
on the free edge of the hole implies that 




- K*). 




We use the relation (6j) viz*. 
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Substituting the values of qpczi and "4 /|Cz v> from (80) and (81 ), the 
above equation leads to 
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The left side of this equation may he pat in the form of a polynomial 
in cr * On equating the coefficients of various powers of «r~ to 
zero, we obtain the following equations 
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Solving this set of equations we obtain 
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©J»s, for an isolated point-force P acting at the point ^ , the 


complex potentials 


are 


**? L "' v -****<■*■- f ' > + °'V) 
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(82) 
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From (82) and (83) we get fcy staple differentiation 
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!Phe associated elastic fields cm "be readily obtained with the 
help of (l). It shall not be done her®, because that will be going 
beyond the main stream of this thesis, viz. inclusion problems. The 
results obtained above will be used in the next chapter, where we deal 
with an inclusion in the presence of a hole. 

It can be readily seen that the cumulative effect of a continuous 
distribution of point -forces acting along any finite curve in elastic 
plane, in place of a single isolated force at | , could be described 

by the functions 


£Z)r 


_! S f 

§hT(jsi -t-i) l J y Y 

t ? i*. ^r'ds - ( p 


(86) 
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.+ f h-/ 
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( 87 ) 

where r is the curve, is its differential arc length and ^ any 
point on it. 
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CHiPTEE IX 

CIRCULAR INCLUSION II THE PRESENCE OF A CIRCULAR BOOBS 

A circular region in an infinite radius containing a circular 
cavity tends to undergo dimensional changes. The cavity and the 
inclusion do not over lap. The presence of Idle hole is expected to 
greatly perturb the elastic fields in the region of physical interest , 
especially ahen it is eomparitively close to the inclusion. 

Choosing the reference system in accordance with Fig* lo p. '33 
it is easy to keep in mind that and (z-O £.2 -€)4l represent 

the hole with centre at the origin and radius 'd and the inclusion 
with centre at £ (real) sad radius unity. The remaining portion of 
the ooaplex plane represents the matrix. 
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The inclusion in the absence of the matrix* would undergo a 

displacement characterised by the components 

U. - S v C -x. -4) -v ^ ? 

1>- = 5 C.X.-4) - 

As before if the above displacement is opposed* then the stress system 
developed in the inclusion region is 


ll 

— \ X (. Si-+£j_) -+• 


^0 

ll 

— ^ L ) ■+ 1_,M. 5-2. I* 

(88) 

<Y a - 
- 

— x M j 



and the point-force distribution generated along the contour calculated 
from (88) and (22) is given by 


P •= — i. t7^Xv.)CS ( -fr'i. L )ci^ U. ( 5i — S^+i-cE^) d ^ 

and 

Pds ■= is Ca+.k) S t -s ir ^S 3 ) dj- 

Substituting these in the integrals ( 86 )♦ ( 8f ) and taking y to be 
the boundary { j^t)C f- -t) — 1 » we evaluate the integrals. Also there 
are the relations ? - 4 -?• cp ass ^ °^f - - Cf-tf 1 ' on r • 
The expressions become particularly simple after the substitutions 

■*,-= * - y 

and 

« *21 — 1 . 

Suffixes and ^ will be used to distinguish quantities 

pertaining to the inclusion and the matrix respectively. The result 
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of integration is that 
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The stresses in the aatrix axe obtained directly fro® ^Cz> 
and by using the equation (1), but the inclusion had an 

initial stress field given by (88), therefore it has to he added to 
the one obtained from ^[izy and ~ty{ lx; given above. Moreover at 
this stage it can be verified that the boundary conditions on the 
stresses both at the hole cnr^a}- and at the inclusion boundary 
-■«.)» ^ > 9X9 satisfied. 

Following are the expressions for stresses in cartesian fone 
in the case of E-^ — O • We use the abbreviations 

-*.< = - ol- 
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Hoop stress at the free boundary of the hole is of particular 
interest. Since normal stress is zero on -Ha® boundary, hoop stress 
may be found from the formula 
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As regards normal and tangential stresses continuously 
transmitted across CS-A) cf--0 - 1 by the bond ^are given by 
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The value of (fs ^ oan he found easily. It may he seen that 

the jump in the hoop stress across the boundary is given by 
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Integration of (90), (9l), (92) and (93) with respect to a 
leads to the following funotions 
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The displacement fields oan now be obtained fro* these functions and 
the equation (2). In cartesian fora the displacements are given below 
for the case when S-^^-O , 
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CHAIf II I 

IHHOMOGENEIIY AID A KOT-FCECB II THE MATRIX 

In this chapter we sh&ll obtain the coaplex Amotions for 
the problem of a point-force noting at a point of the elastic 
medium which contains a circular inhomogeneity, the point of 
application of the force is of course outside the inhomogeneity. 

In chapter VI the concentrated force was applied to a point of the 
boundary of the inhomogeneity* Here that restriction is not there* 
The procedure for obtaining the potential functions is similar. 

Let 'J be the point of application of the force P. 
where <X> is the radius of the inhomogeneity whose equation in the 
n - plane is Z Tt 4, ot « let us assume the complex functions in 


the follow ing fora * 
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) + ACz- B(z- a u )~* C£{hz} ( 98) 
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eher© suffixes and ^ Mar# been used as before to distinguish 
quantities pertaining to the inhomogeneity and the matrix respectively. 
The symbols A,B,C, ...., R denote complex constants to be determined 
from the same boundary conditions listed on page SB of chapter YI . 
The continuity of normal and shearing stresses on the boundary 
means that 

( cr \, — ^ ) I ’5 =? (ot ■ — _ ) , , | . 

'• V l x-c4 Vv • z — o~ (102) 

We hare, as before, the relation 

(p'c^) *-'t u& ^z(j> // Lz.) + yc*)^ ^ 103) 
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°n substitution from (98) to (lOl) in (103) and then using (102), 
we get 
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where crj - ,4-_ and 
equation can be put in the fox® of a polynomial in cr . On 
equating the coefficients of various powers of 0 * to sero we get 
a set of nine equations 
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The condition that displacements are continuous across a~ 5= 
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(104) 


On substitution from (9%) to (101) » the above equation leads to 

f p,vw p ^ +" A^sj CP- £)-(-$ (o=-~ f^)~ ! + c £^5=j- 

~ -+ A 6r- _ % (V- 4^)" %. C } 

i r t J 

- f* oj 0 -, -+ S JL (r; _*. "D 4*j. (<r-_ 4 !:) .+ E (cr- ^ )"' 

+ F <cr- 2>)' x + <M«$0- + HiT-Vlo-- 1 ] 

■= p | 7 1 H- k. °T’ - 4 - 4 - H 5= x j 

- ^ { T < n H _ K cr~ a -+ L. 4- 2-ho-j 

- P { -4- & (7 T~' i “| 

where /'^ ~ ^ t -&. ,A , w • 

She vanishing of the logarithmic terms separately yields a 
set of three equations 

A + °Cc +D + G= o 7 
- e^c. - p^N+^i= o 7 
- po M - ^ce.1 = o. 
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The other terms (after putting them, in the form of a polynomial in a~ 
and. equating to zero the coefficients of various powers of or ) 
yields a set of five equations 


i x'cfv a 1 - 
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The application of the last boundary condition yields two equations 

A+C=o, 

D tG, =0. 

The condition of displacements being single-valued yields one 
equation 

c*V- 4 +• cxC. C + P "t G) =■ Cj. 

The set of twenty equations was found to be consistent. The values 
of the constants are given below % 
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(10a) 


fixe knowledge of these oonplex potentials enables one to 
determine the elastic fields ereryi&ere in the matrix and the 

inhomogeneity . 
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If there is a continuous distribution of point-forces along 
any curve not intersecting the boundary of the inhomogeneity » the 
complex potentials nay he obtained by simple integration along the 
curve. Thus for example? it nay be seen that 
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V (i) 
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~*l ) T t ‘ U ^-(v, ) 






(112) 


where V is the curve and *£ ia differentia; 
P is the distribution of point-force layer, 
be used in the next chapter. 


arc length along it. 
These results shall 
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CHAPTER XI 

CIRCULAR INCLUSION II THE PRESWE OF A CIRCULAR IEHOMOGMEOT 

In chapter IX the solution was given for a circular inclusion 
deforming in the presence of a cavity. In this chapter a different 
model i s taken. Here in place of a cavity we have an inhomogeneity 
with elastic constants different from those of the matrix. Of course, 
a perfect bond between the different materials is assumed, implying 
thereby the continuity of the normal and shearing stresses across the 
common boundary. 

We choose the reference frame in accordance with Figure to , 
p. 128 . The origin lies at the centre of the inhomogeneity of 
radius a . The centre of the inclusion lies on the x- axle at a 
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distance &( t y < i-+ 1 ) from the origin, 1 being the radius of 
the inclusion. Thus ~z z £ a. x and &-■&.) C z — t) £ i represent 
the inhomogeneity and the inclusion regions respectively. The 
remaining part of the s-plane is the matrix. 

The inclusion region (-z~t) tends to undergo a 

displacement characterised by 

U. ti S v C vc - £ ) -+ 

-V~ - SjCx-t) -+ S z -% 

Therefore the point -force layer obtained from 

^"x 3 “ \ ^ ^ ^ 

^3 — — ^ CS|-frSi.^ i_ 1*-^. 5 j, ^ 

j = — ^ 

and the formulae (22), are given by 

t^i+Sx) 

PoLs* s. ~~ x U. ^ ^ -$■ 'i S , — 

PM a. -i t *w+ M«.) --i k^( S, ? ^ 114 ^ 



where 'A 




are Lame® s constants of the material of the inclusion 


or matrix. It may be emphasised here that the inclusion and the 
matrix are formed the same elastic material. We substitute ( 1 14) in 
(109) - (112) and evaluate the contour integrals. Note that + * JJtl 

CL 

The expressions simplify after substituting 


* . - ■* - *7e ; 

z t = z. - 4 . 


The details of integration are again not given here. Henceforth a 
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third region (the inolusi on) comes into picture, suffix has 

hem attached to quantities pertaining to it. Thus 
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The complex functions » ^Cx ) , cj/c-z.) *and 

with the equation (l) directly give the stress fields in the inho- 
mogeneity and the matrix. Bat (■'z-) and '4>/^) with (l) give 
only a part of the stress field in the inclusion. ®he already 
existing stress field given lay (llj) Bust he added to it* A check 
on the analysis is provided by verifying that the normal and the 
shearing stresses are continuous across the boundaries, both of the 
inclusion and the inhomogeneity. This has been done. Sinoe all the 
boundary conditions, the conditions of regularity at infinity, 
equilibrium equations , continuity equations etc. are satisfied, the 
solution given here is the solution. 


The stresses on the edges of the inclusion and the inhomogeneity 
are of special interest. The explicit expressions for them are given 
below. Ifrlting 
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The hoop stress on the inclusion boundary is given by 


iCc^s ) ] — (.^ w " t ' ^ r>v«) ^ 1 1 5-j. ) ^ ^ ^ 

L Wu- 




- 1 4- Z ^^' V > QrS '^9 , 


e^§ -t csrs C'2-s-jr'^) 

••V 1 " 1 




l^tz i G&S (2^^-3(9 ( ) -?±L^L2i , Gtf O^iT^-W,) i 


j£-A* 

/ 


-e-^f 


Aqs ,^) 

0 /^-+ 1 




-f 


If A* -0 1 C & L ~~£- L ~~t"b ) C^5 '3$~* -f~ 2-&J~n>) 


V £3«> CsrS 2-<9 i -f ^ ^ 

y, ter^ Cz&z-t’&f) -t 3-v ! (f2.^-^-f3) 

x ) 4 f 2-ii _^L Orf ( 2 - 6 * 2 .-&&j) 

4- 6^“^ j - 1 - ^ C^-i.-^ s t) 



109 


•{ ^ a. - xC-Px-i) C P- lj 1 

2 (i + < 


-^IjQdS-C -a-^-a-S) 


- >ii*i ( uKid^j, <a»s C*-0. -s-3<s>.)_ «A ,1 

<u ? *Kl 

*C*.'--t\3) Cos -&-M,) - <J^Zl i G>i (*& C 0.-ec> l )~l 

*€ 6 j 

+ — C±3| s _eL?r $*!««,+ Uy, a* 1 


»v4 Y 






■+ 


AaN? 


s^Us. 


■3o<; 


±fLL2lL ( Z. 3 ) ^ 


tze^~ £<£,) 


iifiiL 5i^ 6-0, -£<&,) ~ (i> ) *1. CV /.,- 

2 ; 1 " ,; T77; A^ U{9 ^^ & r) 




t~P l ~-3J^') AA SVi^ Cz^-2^) ^ z 2^ «0-\. / t x /?z 

— — L-»* ~ 2 < ■ 




-1-5) 


x SK C ^&^-es&A ^ 6 A 2). \ , L .2. . e .* ^ . 




j^VfK £ 0 * ( 2 .V 


1‘A.y 


0 - £79, 


>1 



110 


The jump in hoop stress across the boundary of the inclusion is 
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The ratio of hoop stresses at the point & (Fig. lo p. ^ ) of the 
inclusion boundary calculated from inside and from the matrix is given 
by 
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for the case S t x. f ^ r £^=0. The continuous normal and the tangential 
stresses across the boundary of the inhomogeneity are given by 
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the hoop stress on the inhoaogeneity boundary is 
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The ratio of hoop stresses at the point A (Fig. <o p. (3S ) of 
the boundary of inhomogeneity calculated from inside and outside is 
given by CS t -s z , Sj^o) 
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Integrating the equations (131) - ( *36 ) and fixing the 
constants of integration in such a way that the displacements remain 
continuous across the boundaries, both of the inclusion and the 
inhomogeneity, we obtain 


<j)^CZ) « -5^4 zX S3 K^--Q [ ^ (g~i)Z 

1 1 2 ^ 2 -£ X Op-F *^--0 

a.^ x c^A-tOJ ^ V«. -f- I "X^i- 

x{ -J -4 -1 T 

l j 


( 121 ) 
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(125) 


>*£*■> ' 


^-1 








+ ^ s ^Hc v K-iKP-'^ ii ->. i. 

— 1 x ,0 . «/ , _d l 5 - 7 z; 


( 124 ) 



115 
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(^vw-f ( s l+ ^ ) *w-i aS, 
°^4! 4'i z 


■ y • s.-Sj.-^j,) r _*£_ ^ (- ^ k^-i- 5) * v _ 

o/^4 1 L *C< Z 3 


-f ^ j. u - x^--f-?,V *f*~ 1 
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4 (■ ^W+- y,-*.) ( S\ 4- S l ^ 

^ »». ( n -6" x ~ xi. s’? ) 


^ 1 


X 

|^ w ^x a _-+ C^~ #,) itt. 4 | 

TP. - i 

a 'P' fW c4”( ] £*"z 

ir 

^~2 ii { X a 1 " 74 l ^3) 

-€ V ^ -#2^J 

^ — f i L 

- a x 
if 1 +«<*.- 1 J * 
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The displacements at points of the three regions are obtained 
from their respective potential functions with the help of (2;:). 

Humerical calculations were carried out for stresses at the boundaries 
of the inclusion in the case of generalised plane stress talcing 
(Poisson 1 a ratio 1/5), 5^ 0 . Tati. 2 giro, yalu.a of variou. 
stresses at points of the boundary of inhomogeneity for different 
values of the parameters 0 , distance l and then inclusion radius a 
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At the point A the variation of all the stress components has been 
plotted in Pigs. 3^-56 p. is :i->srz, 

Table 3 contains values of stress components at points of the 
inclusion boundary for various cases* Pigs. 31-33 p. ifo-isi 
show the behaviour of different stress components at the point B with 
oh^g .8 in the perenet. refund t ■ 



CHAPTER XII 
TWO DEFORMING INHOMOGENEITIES 

In the last chapter of this thesis we propose to give 
the solution of the problem of two deforming inhomogeneities. 

This involves two regions in the medium which have a tendency 
to undergo dimensional changes simultaneously. So far there 
was only one such region. The elastic constants of these regions 
could be different from the remaining surrounding material. The 
solution is obtained by making use of the results of two of the 
earlier chapters by an interesting- use of the technique of 
superposition. 

Choosing the reference frame as before the two inhomogeneities 
have the equations it 6 d’ and (z- € )(.£-€) 4 1 (Fig. 37 p.'^S) 

and the remaining portion of the complex plane represents the matrix. 
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For convenience, the three regions will he called regions 1, 2, and 5 
respectively ( Fig. 37 p. is3 ). Let the dimensional changes which 
the two inhomogeneities might hare undergone in the absence of the 
matrix be given in terms of the cartesian components by the following 
equations 

•U -c S t x-v S s -Tf , 

for inhomogeneity 1 ; 

a * S Cx -^) + HH, 

& * C-x -i) -t S$ ^ f 

for inhomogeneity 2, 

In this ohapter, it appears to be necessary to reiterate that 
the words inclusion and inhomogeneity are to be used in a definitive 
sense. Inclusion is a material region whioh has the same elastic 

f 

properties as the matrix, while the inhomogeneity is one which may 
have different elastic properties. The solutions of the following 
problems obtained in earlier chapters form the starting point of the 
solution of the present problem. 

(i) The problem of an oversise circular inclusion in an 
infinite medium containing an inhomogeneity which does 
not tend to undergo a deformation (chapter XI ). 

(ii) In an elastic infinite medium an inhomogeneity tends to 
undergo a deformation (Chapter FIX ) . 
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In Fig, 2g p. iSh , a flow chart is given indicating the 
process which leads to the solution, Shis helps in understanding and 
visualising the procedure. 

In the first step we solve the following problem t Region 2 
is occupied by an inclusion which tends t© undergo a deformation 
characterised by (128) and the region 1 contains an inhomogeneity 
whioh tends to undergo a deformation characterised by C 127) * It is 
required to determine the complex functions which would give the 
stresses in the system. 


The solution is obtained by direct superposition of the results 
of (i) and (ii) mentioned above aid given in equations ( 115) - (120) 
and (72) - (75) , replacing of course S, , S x , in (115) - (120) 
by St, , and £4 in that order* The complex functions 

obtained ax© given below. The subscripts indicate the region which 
they pertain to , ( z,r z - <*/£ > 2 *= ~ z -' 1 . *3 * z ~ 1 + e /t ) 


V<^> ^ -I— i f: SV+™ ) 

1 - - * 


* <■*>*- u _ t zL ) 

\ ■*f- -t- Mi 4,-1 / 

-*■ V - 1 C& zJ2 


o^-tt 


(129) 


w. ) = -^Clv c -t- ( l -v ( ^ Cti^M » 
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JZ’-XJ- 4.m> 

a. 2- 


3-*>,) - (1-^1) V+^ 4 ) 


r 3^i 

*2. 


-4- Ju'i , 
/ 7 

2 , 


(130) 
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(131) 
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f] 

^4^s 6 )| (^uXid)] o. 1 * 

1 Jfz J 


-+ *£l_ 2 ?i 4 . 3(i-a 1 --U\3)^ 12 . 6 . 

-^ Sz , 3 -^z,* ^z* 


(132) 
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'(tf cz)-* - + 1- a> (? > .+0(£ ll +S K ) 

_ £ S v _'S‘ r +i-;£ t ) _L _ 2?L^_ ( £ m - %-xlE^) 

)t| + a. / -3> -£'+-$ ) , ?af 1 

i -e r z* -e^z* J (153) 


^<z)-= — -•- — — ( Xx-f (■ Si +S Z ) P-;i^(-S x ~S z -+~i^% % y^ 

z x of -H z** 


-+ f ~L_ + -!l t ^ 

^+1 V Z 2 - Cx * V Z »- 


^■+1 


-+ ^lZL. 4- (x^-x^) 3d' 1 V , + I j-aS , 




( s^~s s -t.c.S'^u c -h-f t>, 


rz, 1 


“•P+^cx- 1 J C^z 1 


^ S Z? 


-£ v z? e r ^ 


CS < ,-^s-+ xi. 

ofwV! 


L xp+^-i j 


+ iC 4- 3_ 

#Z L z, 3 z* 

, x X 


(154) 


It should he noted that these functions directly give the 
stress fields in their respective regions. We have added the initially 
existing fields if any. 


In the second step w® solve the following problems Region 2 is 
occupied by an inhomogeneity which tends to undergo a deformation 
given by (128) . 3?he region 1 is occupied by an inclusion vhich tends 
to undergo a deformation given by (12?). Complex functions for the 
elastic fields developed are to be determined. 
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The solution is obtained from the functions (129) * (154) 
given above. This can. b® done by a suitable transformation of the 
coordinate system- shift the origin to ( i/O ) which is the centre 
of the region 2, and then rotate through an angle 180°. This»is to 
be followed by an. interchange of the roles of &\> S z > with 

f S r and and making the radii of inhomogeneity md the 

inclusion 1 and V respectively. The formulae (3) - (6) uae <* 
to obtain the complex functions in the new coordinate system from 
the old ones. The results are given below z - °vt ’ * 

z 3 , x -ce- 
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la the next step we solve the following problem 8 Two inclusions 
occupy regions 1 and 2. They tend to undergo deformations given by 
( id ) and ( ixs ) respectively « 

The complex functions which, describe the effect of these 
inclusions can be obtained from ( ixi ) «* ( i 3 «t ) by equating the 
constants of region 1 and 2 with those of 5* Thus^have 

V<z) = 2±^cs l+ cj(t-^) , 

K <*~40 <*-+1 zA (14V) 
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( 142 ) 
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We ere now in a position, to obtain the solution of the problem 
of this chapter i.e. the problem of two deforming inhomogeneities. 
Following the flow chart on page 1$$ we obtain the desired functions 


in the following manner. 



126 


t _ I a / 2" , / '4| / 

4i c ^) * - q>^ 'z.) 

a-^f+^-0 1 


( Sq — IT^- + xc 5^^ 

^V-v 4 


"f ^ > W 


x i i _ X^l$t,-r r -+-vS\) a 1 - 

1 2 i ( 2 P+^- •<) s -^ 1 J 1 z£ 


.u» 


«*wM 


6 S k - &r -xi. F c ) ^-' K & -0 + , y » <<-- ») 

-a £%f „ j ..« ^ \ w . 4 


'2- -£ **£ & |S -tote^- i ) ^4 1 

X t V+ C 'i-) -3±_ _ ~*i * 

M "1_ - 




- 3 -v ^ 1 

X j O - X- C 1 --*. 3& X )AL _ (, _ .£% 34. x ) ifZ: + 3* 1 

l <SXf €%*• j 


(147) 


if / | » **% / 1L / 

^cz.)= ^1^) ■+ Vcz)- 3f,Cx) 


4 •'■ Cl. c 6 , - r t - ». ; s } ) - *s2.£v*'U 

1 J oL_4 A ' 


X ( + &^)-2fj -f C-^-nf^) Jflb±_ ( €u- SV -f •x.iS/ ) 

*■*.+ < 


X (~A 

V Al 


z 2 - 

X 


X. aj 1 


A, 


4*t£ 4**7 ^w+4 


( 5^- 5^* -f A <§^ ) *^j £ xll \ 

! "^IT" ^ 7 u / 


xi ' 2 ^ 1 

x x 


4 ^XrJ (5- H -i-5 r )J_ - A*u ( ^ - S r -z.0*, } 

^ + ^-4 *£ °X+4 ' 


X (X + il 

2^ *Z3» 

X x 




<VM» **$* ^ 


) 4 U^AJ^.+ Cjjv (-^ Si.) 

£ s t _ - t_ c s^) l L c?^i ~-^,) 


ar~ L 



127 


4-1 "iZ ( _ (?!-- 


JU -i 


f 


'lyL-.'rL. ‘’-ix + a-fx. - i. •C 2 '-*. 3<s.^j «*V( _ “7 "] 

J ^Z 1 - 4^1 

3 j J 

iS^)j ■V, _ 6>a--U Cfr-0 | 

t o-|i 4o ) 4V 


( 5j — S x 4- 




,X 7 
a. 


4. / 

Cp^x) 


^ X ) 4- ^tz.) — %'t -z. ) 


^-M 


x { J£±&!l _ _g^ >z-OCP-Q l _ j^Z (£ c i_c£ \ 

' V 2> i^i.p4fl( aH ) j ^-H ^ 

X - j ) ( fi-j) ^ /c r . r , „ 

^T^TT^T" -^ r7T -'WW^S i )£ 

^ 1?Z7; V| £ *-} ttx+Er) 

1 -C 2 ~ z.j*~ 

— ~~~~ Os — S s --xcS‘ 4 )[ <Ct>o>- *.4~V3) -&0. 

< *W'M j^ 7 _^‘f 2L *x 

-4 x ( <a>_ •€ u -f- 3) 3 a, 1 * _ " ! 

'Qfz? -€ & Z t i iJ J 


(149 


9 / 

•\p £X) ^ 


L. /, 2~ / 2 / 

>^_Cx) 4- \Czj ~ ■*■ ^ 


~ ^<-'-^-4 Ar-fiJ O + M ~ 

u p 4 ^C4.~ -f 




•z" X 

^ "f-uw-f -( 


X _e lixl, 

A. 





xf + J V _ C”i-i)(p-t) 1 < a> _ h 2-^y, 

L •€ x x J 1u |_ 1 ( i +^(iv - 1 J € x z x, ‘ -€ 3 2 l^ 


+ 3 £x.a> — 2. e^+s) 4. tx 


-^Zft ' 






tS i,— 


*1^- fr'i (|, ~' , ) ’l- 5 ^- -» ^=i±i 

1 1 f +<■!.- (J tV- o^-M ’ S ‘ 


°<>w-* 
^ -+ 1 


X ^+0< 

^ I ^ ^ V't ^-~«.) C&\'t Sj. ) 


-v 


■+ £C._g,+ xlS, )/■*!. H. £*£) 


^S— a,- S^- 

<A~-H 


■iVjKOr*^ - 


(150) 


'^/c-x) - 4 - ^u) - 3 ^x) 

- - + °ij=xd > 

<*.-M Z 2 - ^ ' 

* C S k ■+ S r ) _^L _ 2^ix_. £ r -XCS 4 )/ O «>- x^3)4 


-C 2- 2 ( x <^4 1 


-£V 


-4. ' l ,(_^~- + J ^-~ ■+ l 

^r 2 3 ^J 

■- M ^ LS ,- e r -,^ S k ) J_ 

4 V, lsx=L^w+^) Mt) ^ 


<*w+l 


-^Z*- 

3 


( S,- f t3-x^+3^)Ji 

<* M 5 L -Or 


x(.t~ Oh 1> a?") L -f- .J.fi 

-^2* ^Z 


3^1 ] 

^J, 


( 151 ) 



129 


dz) 


'"V -+ \/ - Vci) 


' Z -( i + “fcu.-l L Z Z JL j 

■ -jjlZi— r i. ( 5,-S‘ l .+ x<:S^') + c A^+^') (£ 4 + Sg-) 


^ -w-i* i 




*[■ 


2-«. U V, ^ 

T>1 

- 2l.) - 

ii- (V 

&g — XC 

€ 2^ 

z 1 - 




J2: .+ 5 




Xa. x ^ l 

X^z 1 - L 


J X^z 5 - 



^ 3C r «. v - X^3) 5i^A _+. !2z*1z.L 


A, 


—.-..LSi, - s r ■+■ 


1 




~p 


1 a.' 


----- C*h- s s .-f^i;s 6 )( A. -+■ 

^ X x i 


Z-|3 -f ^ j 

Z'C ^ 


•+ + ^23 

X 

x. 

i 


£*^ + 1 

^ru 1- c s, ) \ L'v-l.-^x ) a . 1 

°C-+ 1 L *€ 1 *z3’ 


<3>v, 

Z L 

3 


) 


(pr-ocP-o I ^ 

H J 


-+(■*--*- 


.u 




o(,s~-t~l 


4*^ 

<N- 3a v ) 1^1 v ' 4 ( a - k 4H -52*2 ±J 

43 2 3 

(Si-s^roK- , 

1 J ^ 


(152) 



150 


It m& y be worthwhile to point out lhat the solution to the 
problem of single inhomogeneity alone fails to yield the solution 
to the problem of two inhomogeneities through the process of 
superposition. The reason is as follows. Let us suppose that a 
deforming inhomogeneity is present at region 1, and region 2 and 5 
are of the same material. The solution of such a problem is known 
and is given in chapter VIII. Next suppose a deforming inhomogeneity 
is now present at region 2, and region 1 and 5 a^® of the same mat racial. 
The solution is known from the solution mentioned in the fi ist case 
by merely shifting the origin. Therefore, for superposition to work, 
one has to make the added assumption that the region 1,2 and 5 
of the same material . In other words simple superposition can yield 
result for two inclusions only and in fact for any number of inclusions. 


The stress distribution in the various regions can now be 
obtained in the routine fashion. The expressions are not included here. 
It may be pointed out here that a check on the analysis can be made at 
each step by verifying that the normal and tangential stresses across 
the boundaries zz~o> and tx-€>C^-€) = i are continuous. The hoop 
stress is discontinuous as it should be. Some numerical work /lone on 
the TB M 1620 computer. A few figures (Pigs. 39 - p. iirr-/s7-« ) 

have been included showing the variation of normal shearing and hoop 
stress on the boundary of the region 1 for plane stress oaae with the 
following data. 


lu, ■ 




(.u s 




L , 1 

X. 9 






£,, £5.= , Sv=.S t = 


Table 4 contains the numbers from which the figures were drawn 
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For the displacement fields, one can find out the functions 

* k 4 4 I# V 

<P, cz ->, ) cp^c.'z) J 4\Cz) and \£z) by integrating the 

corresponding functions in equations ( 147 ) *** ( 151 ) with 

respect to a . 



Figure 1 . Rectangular inclusion and coordinate system 



Figure 2. Variation of 


<7* / <r-/ 


along the "boundary 




FIGURE 3. Shearing stress along the boundary 
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Figure 26. Hoop stress along the leading edge 

for the case of 1x2 rectangle. c»1. 



Figure 27. Hoop stress along the leadine- eflo-p 






figure 30 » Lines of maximum she ariiig stress around the 1 x 10 rectangle; 


Slpura 31 * IojmmsI ®%mm at tfaa point 1 (fig* 10) » far 
TOftoua mlu«e of f sM 4 * 
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TAHOE 1 : Stresses along the boundary of the circular 

inclusion in a semi -infinite medium of 
Chapter IV ; (Plane stress case; Poisson's 
ratio = 1/3 ) . 
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-.38811610 

60 

.00157684 

-.55599883 

90 ' 

.09769997 

-.09925505 

120 

.11333795 

.47633662 

150 

.06971236 

. 52143959 

180 

.00000016 

.00000164 


L = 1 • 5 



.00000031 

-.00000044 

30 

-.05951186 

-.30772521 

60 

.08584518 

-.60180876 

90 

. 19199998 

-.16095999 

102 

. 18053698 

.44354766 

150 

.10275957 

.50916007 

180 

.00000022 

.00000163 


L = 1 



.00001064 

.00000347 

30 

.81880762 

-.21755106 

60 

.38490006 

— »6415Cu40 

90 

.38399996 

-.,.2528001 

120 

.29238318 

.41957220 

150 

.15342512 

. 50334140 

180 

*00000029 

.00000161 



160 


l eT: f j. f l _ . . _ . . _ 



L = 6 * 0 


0 

-1 . 9804656 

-.65801103 

30 

-1.9724100 

“ » 33823443 

60 

-1.9601136 

• 30863017 

90 

-~1 # 9597569 

.64120849 

120 

-1.9713362 

. 32191139 

150 ' 

-1.9844903 

- . 33020624 

iso 

-1.9899864 

-.65779496 


L = 2 * 5 


0 

-1.8125000 

- « 64062499 

30 

-1.7730650 

-.41176555 

60 

-1. 7502429 

. 18055353 

90 

-1.8038235 

. 57096320 

120 

-1.8830853 

. 31490488 

150 

-1.9420516 

— ® 30446 8 3 7 

180 

-1.9629629 

- * 622942 4,2 


L-2 • 0 


0 

-1.6296297 

-.65843613 

30 

-1.5956136 

-.48436951 

60 

-1.6149295 

.11363576 

90 

-1.7268473 

.55625716 

120 

-1 . 8464527 

. 326108 

150 

-1.9253416 

— . 26657344 

180 

-1.9520000 

-.60415999 


L = 1 .5 


0 

-1.0000000 

-.79166674 

30 

-1. 1476636 

-.62896080 

60 • 

-1.3848397 

.04309775 

90 

— 1. 624Q000 

.56858643 

120 

-1.8029129 

. 36008898 

150 

-1.9049591 

-.25347925 

160 

-1.9 37500 G 

-.57291676 


L = 1 


0 

4.0000000 

0 . 0 0 0 0 0 0 

30 

-. £647276 

~ . 666542^7 

60 

-1.3333338 

.00000067 

90 

-1.6320000 

.62890653 

120 

— 1. & 0 7 5 8 u 1 

.42458550 

150 

— 1.09 62268 

-.20196991 

180 

-1.9259260 _ 

-.52674899 



Jfs / A Q HOOP STRrfiS Ol JT.<=, T Oh- 


Si„ £ 



L=6.0 


0 

2.0195342 

2.00665560 

30 

2.0275900 

.99509490 

60 

2.0393864 

1.02450490 

90 

2.0402431 

2.02545820 

120 

2 . 02866 3 S 

1.01142390 

150 

2.0155097 

1.00312070 

160 

2.0100136 

2 .00387170 


L= 2 • 5 


0 

2.1875000 

2.02604170 

30 

2 » 22693 50 

,92154360 

6 0 

2.2497571 

1.15278150 

90 

2.1961765 

2.09563340 

120 

2.1169147 

1.01843060 

150 

2.0579484 

1.02886060 

160 

2.0370371 

2 .04372420 


L=2 • 0 


0 

2.3703703 

2.00823030 

30 

2.4043864 

.64695980 

60 

2 * 365 07 05 

1.21969930 

90 

2.2731527 

2 c 1 1040950 

120 

2.1535473 

1.00722740 

130 

6 . W ( 4 6 3 6 *4 

1.04673550 

loO 

2.0480000 

6.06250670 


L = 1 .5 


0 

3.0000000 

1 .8 f49998Q 

3 0 

2.8523364 

• / 043 6 8b h 

60 

2.6151603 

1.29023 /30 

90 

2. 37&0000 

2.09808020 

120 

2.1970871 

-.97324650 

150 

2.0950409 

1 .07984970 

160 

2.0625000 

2.09374990 


L=1 


0 

8 . QOQOOCO 

2 .66666660 

30 

3.7352724 

.46476701 

60 

2 • 66566b 2 

1 . 33333440 

90 

2. 3660000 

2.03776010 

120 

2. 1924199 

-. 90874990 

150 

2. 1017732 

1.131359 

160 

2 . 0740740 

2.13991770 

160 

0.0000000 

- .00000176 



TABLE 2 i Stresses along the inhomogeneity boundary (Chapter XI ), 
fora few values of radius a of the inhomogeneity 
and the distance 1 between the centres of the 
inclusion and the inhoaogeneity t (Plane stress ease, 
Poisson's ratio - 1/3 )• 





ram 

SfRESS ( 

)? ^ » oO 







— . 

<9 

S f s-S*. c - ^ 

^ t - S'gSb — 

& £ *9^*3. © 

t5 © X5 & 


0 

-1.9*0 

* 4. -553 

• 3. 126 

1.20 6 

a * 1 

JO 

.254 

«^.073 

a . 919 

1.153 

1 * 2 #25 

60 

.780 

-.692 

.044 

.7 36 


VO 

• 33i 

— • 6 u 1 

— ® 1 3 4 

• 466 


120 

~. 03 l 

- . 6 iy 

-.82 5 

.295 


15 u 

-.224 

- a S 2 6 

*.425 

. 20 © 


18 0 

-.284 

* ® 62 7 

*.455 

. 1 11 



-.750 

- 1.951 

- 1.350 

.600 

a - 1 

'JO 

-.039 

- i .083 

-.561 

.522 

1-3 

60 

.397 

- .459 

-.030 

.4 28 


9 6 

. 239 

-.401 

-.080 

.320 


120 

.008 

-.424 

-.207 

.216 


15 ., 

-.138 

— . 436 

-.287 

.148 


180 

-.187 

-.439 

-.313 

.126 



-.333 

-.900 

-.616 

.283 . 

a * 1 

30 

-.061 

-.579 

-.320 

.259 

1*4 

6 0 

. 195 

-.278 

-.041 

.236 


90 

. 1.55 

-.241 

-.042 

.198 


120 ' 

.020 

-.267 

-. 123 ' 

.144 


150 

-.083 

-.286 

-.185 

.101 


180 

-.120 

-.292 

-.206 

, .086 



-.120 ' 

-.327 

-.223 

.103 ! 

a » i 

30 

-.036 

-.239 

-.138 

.101 

1 » 6 

60 

.071 

-.131 

-.629 

.101 


90 

.076 

-.110 

-.016 

.093 


120 

.017 

-.12 v 

-.055 

.073 


150 

-.039 

-.148 

-.093 

• 0 54 


180 

- * 06 x 

-.154 

-.107 

.046 ; 



- 1,333 

- 3.157 

- 2.245 

.912 

a « 2 

30 

-.245 

- 2.357 

- 1.301 

1.055 1 

1-4 

60 

.781 

- 1.324 

-.271 

1.053 | 

90 

.622 

— 1.033 

-.205 

.828 


120 

.081 

- 1.051 

-.485 

• 566 


150 

-.333 

- 1.096 

-.715 

.381 i 


180 

- . 480 

- 1.113 

-.796 

.316 | 



-.750 

- 1.999 

- 1.374 

.624 1 

a » .5 

30 

.147 

-.482 

-.167 

.315 1 

1*2 

60 

.250 

-. 156 

.046 

.203 ; 


9 u 

.089 

-.173 

-.041 

.131 : 


120 

-,.015 

-.182 

-.099 

.083 t 


1 50 

-.067 

-.184 

-.126 

.058 




A 

^ atwit ssBsss (M ) , r* 

5 

6 

| &t «.STi_ J fif s -S-i_a. S 1 .. S . s r < Su 

0 1 Jiff O / fv» 


- 1*643 

- 2.628 - 2.237 ' 

. 59 ! ; 

ft - 1 30 

.200 

- 1,330 -.364 

.765 

X - 2.25 60 

• 66b 

-.449 .109 

,339 

vo 

.284 

-.*+46 -.Obi 

.363 

120 

-.026 

— • 4b0 -.233 

.226 

130 

-.192 

-.491 -.341 

.149 

mu 

-.243 . 

-.493 -.368 

.123 




-.642 

- 1.344 

-.993 

.330 

t > 1 

30 , 

-.033 

-.698 

-.366 

.332 

1-3 

60 

.341 

-.277 

.031 

.309 

9U 

.203 

-.277 

-.035 

.241 


120 

.007 

-.313 

-.133 . 

.161 


150 

-.uy 

-.333 

-.226 

. 107 . 


180 

160 

- . 3 3 / 

. -.249 

0.088 




-.283 

-.632 

-.439 

• .173 

* * 1 

30 

-.032 

-.383 

-.217 

.165 

1-4 

bv 

.16 7 

-.163 

0.0 

.166 


90 

.133 

-.138 

-.012 

.146 


120 

.017 

-.193 

-.087 

.103 


150 

-.071 

-.. 21.4 

■ -.143 

• 071 


180 

-.102 

ft Z d . 1 

-.162 - 

.059 




-.102 

- o 2 3 3 

-.,168 

.065 

ft - 1 

■30 

-.031 

-.163 

-.097 

.065 

1-6 

60 

.061 

-.079 

~ . 0 0 8 

.0 70 


90 • 

.06 3 

- • 069 ' 

”■ "001 

.067 


120 

.013 

- . 090 

-"03 7 

"0 33 


150 

'- » 03 

109 

-.-0 71 

...0 37 


180 

■ -.032 

-.113 

--083 

*031 




-,642 

— i « 3 6 0 

-1*001 

..3,58 


.30 

. 126 

-.276 

-.0/4 

.201 

% *4 

60 

c214 

-.101 

.036 

.138 

9,. 

077 

■ JL34- 

-.028 

.103 


1 <3 - 

- 0 1 ^ 

- . 142 

--0/9 . 

, 066 


. 15- 

- 0 3 0 

■■r J. 4 7 

-•102 ■ 

,044 


16C 

- - 07 1 

■■ * . 

-.109 ■ 

o 0 3 B 




-la 142 

—2 *149 

-1-646 

*503 

•. - .5 

1-2 

2 

6 U 

-.210 
. 669 

—1*566 
- .844 

-0888 
■ -.067 

• .678 
* 7 36, 

9' 

, 53 J 

-•694 

- 060 

c 6 14 



. 06 9 

— ( 737 

■ — * 3 4.3 

*413 





• • i 

1 - a .25 


• - 1 

l - 5 


» * 1 
1*4 


ft * 1 

1*4 


ft * 2 

1*4 


a. * *5 

1*2 


, $ 1 

5|tS», r S 

l &• * | 

?»» 4/Svs’o 

Si* 9^ 

0 

-.768 

-.847 

-•8u7 

.039 

30 

• 093 

-•362 

— » 144 

,23b 

60 

,312 • 

— • 1 3*3 

.069 

• 2 22 

90 

.132 

-.171 

-.019 

.152 

120 

-.012 

-.197 

-.104 

.092 

130 

-.069 

- .203 

-.147 

.057 

180 

-• 113 

-.£-06 

-.160 

*046 


-.300 

*?.45-2 

— •376 

.076 

30 

-.013 

*"* ft 2 0 2- 

-.109 

.093 

60 

.13.9 

-•067 

.045 

.113 

90 

.09^ ■ 

- ♦ 094 

0.0 

• 0 95 

120 

.003 

-.121 

-.059 

.062 

1 30 

- .033 

-ft i 3.3 

-.094 

..039 

■16o 

-.073 

- • i- 3 6 

. -.103 

.030 


-.133 

-•220 

-.177 

*043 

30 

-.024 

-.•lib 

-.071 

, .046 

60 

. u7ci 

-ftUJd 

• . 0,19 

.1,58 

9u 

. . 06 k 

-.046 

0u6 

* v/ 3 3 

120 

-.008 

*■•071 

— -031 

-039 

130 

-+ * 0 

- -00 3 

— * 0 3 b 

*u23 

180 

■•'ft 04 o 

- * U b 7 

■ -.067 

.019 


— *u4b 

- » 0 b 3 

- *. j 6 3 

.017 

30 

-*014 

. - *03-> 

— - Q3 3 

*019 

60 ' 

* 02o 

* ~ * Q i 9 

s JU4 

. 0 24 

90 

e 0 6 0 

- « o 1 b 

o 003 

, 24 

120 

* 1 j 0 7 

- * 0 3 1 

- 0 i 2 

.019 

160 

- * ; 1 6 

— * U 4 1 . 

-*028 

• ,0 i ^ 

160 

— nC‘24 

- « j44 

— * 0 3 4 

.•‘10 

- • 

- * 300 

— . 446 

-.373 

.0 73 

$ o 

u69 

- • 0 6 3 

fr 0 0 1‘ 

. •. .57 

6 

olOo 

— „ 0 0 


o 065 . 

9 ■ 

,035 

- . *j 6 3 ■ 

-• :^9 

» o 45 

i £ 

-■* jO 6 

- j b 2 

- UJ4 

. 027 

* 2 V 

— ^02/ 

, -» u o ^ 

- , 043 

- 0 16 

Iftv. 

* ; J- s> 

— 06 3 

- -.046 ‘ 

. "r VJ 1 5 


— . 'j 3 a 

— > f 0 3 

— ->6 ly 

.ub6 

* 

- >.;9o 

- *469 


■ -195 

6 - 

,312 

*t i 2 3 b 

^036 

; e-275 

9 ‘ 

,24 V 

-.221 

. 0 1 . ■ 

■ 2 35 

12C 

•* 1 j - j 2 


-il21 

a 154 

3. 6 


- -.314 

- ,2£4 

■ J.09Q. 



FORMAL STRESS (-2^) 5 Z 3 * 1 



HQBi&BSfl 


!Ti ■=. 3 f S x =o 

St - Oj S *. 


- 1.280 

- 1.740 

- 1.510 

.230 

a » 1 30 

.156 

-.803 

-.323 

.479 

1 » 2.25 60 

.520 

-.275 

.122 

.397 

90 

. 22 1 . 

-.311 

-.045 

.266 

1 2 u 

-.020 

-.347 

-.184 

.163 

150 

-.149 

. -.358 

-. 254 ' 

.104 

160 

-.189 

-.360 

-.275 

.085 


a * 1 

30 

-.500 

-.026 

-.874 

-.423 

-.687 

-.224 

.187 

.198 

1-3 

60 

.265 

-.155 

.054 

.210 


90 

. 159 

-.181 

-.010 

.170 


120 

.005 

-.220 

-.107 

.113 


150 

-.092 

-.237 

-.165 

.072 


180 

-.125 

-.242 

-.183 

.058 


a » 1 

30 

-.222 

-.040 

-.419 

-.239 

-.320 

-.140 

.098 

.099 

1-4 

60 

. 130 

-.090 

.019 

« 1 1 0 


90 

.103 

— .098 

.0 02 

.101 


120 

.013 

-.131 

-.059 

*072 


150 

-.055 

-.151 

-.103 

.0 47 


180 

- *080 

-.156 

-.118 

.038 



-.080 

-.156 

-.118 

.038 

a - 1 30 

-.024 

-.104 

-.064 

.040 

1 » 6 80 

.047 

-.044 

.001 

.046 

90 

.051 

-.040 

.005 

.046 

120 

.011 

- • 060 

-.024 

.035 

150 

-.026 

-.075 

-.050 

.024 

180 

-.040 

-.080 

-.060 

.019 



-.500 

-.874 

-.687 

.187 

a - 2 30 

.098 

-.143 

-.022 

.121 

1-4 60 

.166 

-.062 

.052 

.114 

90 

.059 

-.097 

-.018 

.078 

120 

-.010 

-.107 

-.058 

.048 

150 

-.045 

-.109 ■ 

-.077 

.032 

180 

-.055 

-.109 

-.082 

.027 


a - .5 3 0 

-.888 

-.163 

- 1.382 

-.983 

- 1.135 

-.573 

. 246 - 

.409 

1-2 60 

.520 

-.505 

.007 

.513 

9 u 

.415 

-.440 

-.012 

.427 

120 

.054 

-.514 

-.229 

.284 

1 5 0 

- . 222 

-.570 

-.396 

.174 

180 

- • 320 

-.588 

-.454 

.134 





TMSISTIAL STRESS ( — ~r )? f = 00 


Q 

* USa.=r 


S " / = Sy St .- ° 

S , = Q ; = C 



0.000 

0.000 

0.0 

.000 

a * 1 

30 

1.365 

-.110 

.627 

.738 

1 « 2.25 

60 

.100 

-.434 

-.167 

.267 


90 

-.367 

— .369 

-.368 

.001 


120 

-.359 

-.220 

-.289 

-.069 


150 

-.200 

-.099 

-.150 

— .050 


180 

0.000 

0.000 

0.0 

.000 




0.000 

0.000 

0.0 

.000 

a » 1 

30 

.623 

.171 

.397 

.225 

1-3 

60 

.159 

-.151 

..003 

.155 


90 

-.180 

-.223 

-.201 

. 0 2 1 


120 

-.230 

-.158 

-.194 

-.035 


150 

-.140 

-.076 

-.108 

— .031 


180 

0.000 ' 

0.000 

0.0 

.000 




0.000 

0.000 

0.0 

.000 

a » 1 

30 

.291 

.137 

.214 

.077 

1-4 

60 

.122 

-.025 

.048 

.074 


90 

-.083 

-.116 

-.099 

. .016 


120 

-.141 

-.103 

-.122 

-.018 


150 

-.093 

-.055 

-.074 

- . 0 1,9 


180 

0.000 

0.000 

o 

♦ 

o 

.000 


a s 1 

30 

0.000 
« 106 

0.000 

.063 

0.0 

.084 

.000 

.021 

1 sa 6 

60 

. .064 

.015 

.040 

.024 


90 

-.026 

-.040 

-.033 

.007 


120 

-.067 

-.050 

-.059 

, -.008 


150 

-.049 

-.031, 

-.0^0 

-.009 


180 

0.000 

0.000 

0.0 

.000 


a - 2 

30 

0.000 

.465 

0.000 

-.016 

0.0 

.224 

.000 

.241 

1-4 

60 

0.000 

-.198 

-.099 

.099 


90 

-.120 

-.128 

-.124 

.004 


120 

-.106 

-.068 

“.087 

-.018 


150 

-.057 

-.029 

-.043 

‘-•013 


180 

0.000 

0.000 

0.0 . 

.000 




0.000 

0.000 

0.0 

.000 

a * «5 

30 

1.165 

.195 

.680 

.485 

1*2 

60 

.491 

-.118 

.186' 

.304 


90 

-.332 

-.363 

-.347 

.015 


120 

-.565 

-.335 

-.450 

-.115 



16 


TANGENTIAL STRESS ( — , ) ; 


■=■ 3 




St ~ Si r fT 

^ f 

S% - 

Si = Oj »£ 

a *» 1 

30 

0.000 

1.170 

0.000 
.05 6 

0.0 

.613 

.000 

.556 

1 - 2.25 

60 

.086 

-.265 

-.089 

.175 


90 

-.314 

-.253 

-.284 

-.030 


120 

-.308 

-.153 

-.230 

-.077 


15 C 

-.171 

-.069 

-.120 

-.051 


180 

o.coo 

0.000 

0.0 

.000 ■ 


, 

0.000 

0.000 

0.0 

.000 

a - 1 

3 0 

. 534 

. 194 

.364 

.169 

1 • 5 

60 

.136 

- . 084 

.025 

.110 


90 

-.154 

-.160 

-.157 

.003 


120 

-.197 

-.117 

-.157 

-.040 


150 

-.120 

-.057 

-.088 

-.031 


180 

0.000 

0.000 

0.0 

.000 


, 

0.000 

0.000 

0.0 • 

.000 

a * 1 

30 

.249 

. 133 

.191 

.058 

1-4 

60 

.105 

-.003 

.051 

•'0 5 A 


90 

-.071 

-.085 

.-.078 

.007 


120 

-.121 

-.079 

-.1 

.020 


150 

-.080 

-.042 

-.061 

-.018 


180 

0.000 

0.000 

0.0 

.000 

a - 1 

30 

0.000 

.091 

0.(500 

.057 

0.0 

.074 

.000 

.016 

1-6 

60 

.055 

.018 

.036 

.018 

90 

-.022 

-.030 

-.026 

.003 


120 

' -.057 

-.040 

-.049 

-.008 


150 

-.042 

-.025 

-.033 

-.008 


180 

0.000 

0.000 

0.0 

.000 

a - 2 

30 

0.000 

.398 

0.000 

.047 

0.0 

.223 

.000 

.175 

1-4 

60 

0.000 

-.132 

-.066 

• 0 66 


90 

- . 102 

-.089 

-.096 

-.006 


120 

-.090 

-.047 

-.089 

-.021 


150 ' 

-.049 

-.020 

-.034 

-.014 


180 

0.000 

0.000 

0.0 

.000 

a - .5 

30 

0.000 

.999 

0.000 

. 231 - 

0.0 

.615 

.000 

.384 

1-2 

60 * 

.421 

-.027 

.197 

.224 


90 

-.284 

-.254 

-.269 

-.015 


120 

-.484 

-.250 

-.367 

-.116 


150 

-.320 

-.139 

-.230 

-.090 


180 

0.000 

0.000 

0.0 

.000 



16 


TANGENTIAL STRESS 




& 

St T H?X » ^ 

St - £ a? -S x 

£i s S / 0 

“ bisV / Jvej 


0.000 

0.000 

0.0 

.000 

a « 1 30 

.546 

.107 

.326 

.219 

1 - 2.25 60 

.040 

-.066 

-.013 

.053 

90 

-.146 

-.084 

-.115 

-.031 

120 

-.143 

-.052 

-.098 

-.045 

150 

-.080 

-.023 

-.051 

-.028 

180 

0.000 

0.000 

0.0 

.000 . 




0.000 

0.000 

0.0 

.000 

a * 1 

30 

.249 

.116 

.182 

.066 

1-5 

60 

.063 

-.015 

.024 

.039 


90 

-.072 

-.058 

-.065 

-.006 


120 

-.092 

-. 044 

-.068 

-.023 


150 

-.056 

-.022 

-.039 

-.016 


180 

0.000 

0.000 

0.0 

.000 




0.000 

0.000 

0.0 

.000 

a - 1 

30 

.116 

.070 

.093 

.022 

1-4 

60 

.049 

.008 

.028 

.020 


90 

-.033 

-.032 

-.032 

0.000 


1 ? o ’ 

-.056 

-.032 

-.044 

-.012 


150 

-.037 

-.017 

-.027 

-.009 


180 

0*000 

0.000 

0.0 

.000 




0.000 

0.000 

0.0 

.000 

a » 1 

30 

.042 

.028 

.035 

.006 


o0 

.025 

.011 

.018 

.007 

1 « 6 

90 

-.010 

— •Oil 

— .oil 

0.000 


120 

-.026 

-.017 

-.022 

— .004 


150 

-.019 

-.010 

-.015 

-.004 


180 

0.000 

0.000 

0.0 

.000 




0.000 

0.000 

0.0 

.000 

a - 2 

30 

.186 

.055 

.120 

.065 

1-4 

60 

0.000 

-.042 

-.021 

.021 


90 

-.048 

-.030 . 

-.039 

-.008 


120 

-.042 

-.016 

-.029 

-.013 


150 

- .022 

-.006 

-.014 

-.008 


180 

0.000 

0.000 

0.0 

.000 



0.000 

0.000 

0.0 

.000 

a » .5 30 

.466 

.141 

.304 

.162 

1 « 2 60 

.196 

.026 

.111 

.085 

90 

-.132 

-.088 

-.110 

-.022 

120 

-.226 

-.097 

-.161 

-.064 

150 

-.149 

-.055 

-.102 

-.046 

180 

0.000 

0.000 

o 

• 

o 

.000 



'/V 


TANGENTIAL STRESS ( ' 77 ~f ) i ft - 1 

s' ft<W® 


a 

i 


a 

1 


a 

1 



t ± 

f 


f ,- l 

S , S & j S/f 

. 1 


0.000 

0.000 

0.0 

.000 

S I 

r \ o 

30 

ie 

.910 

.122 

.516 

• 393 

***? 6 0 

.067 

-.150 

® 0 4- 1 

' .108 


y o 

-.244 

-.164 

-.204 

-.040 


120 

-.239 

“*•100 

-.170 

-.069 


150 

-. 133 

-.045 

-.089 • 

-.044 


180 

0.000 

0.000 

o 

• 

o 

.000 



0.000 

0.000 

0.0 ■ 

.000 

t 

30 

. 41-5 

.176 

.295 

.119 

3 

60 

. 106 

-.042 

.031 

.074 


90 

-. 120 

-.108 

-.114 

-.005 


120 

-. 153 

* 0 8 1 

-.117 

-.035 


150 

-.093 

-.040 

-•066 

-.026 


180 

0.000 

0.000 

0.0 

.000 

A 


0.000 

0.000 

0.0 

.000 

1 

30 

.194 

.111 

.153 

.041 

4 

60 

.081 

.006 

.044 

.037 


90 

-.055 

-.059 

-.057 

.002 


120 

-.094 

-.057 

-.075 

-.018 


150 

-.062 

-.031 

-.046 

-.015 


180 

0.000 

0.000 

0.0 

.000 



0.000 

0.000 

0.0 

.000 

1 

30 

*071 

.046 

.058 

.012 

6 

60 

.043 

.016 

.030 

.013 


90 

-.017 

-.021 

-.019 

.001 


120 

- .044 

-.029 

-.037 

-.007 


150 

- .033 

-.018 

-.025 

-.007 


180 

0.000 

0.000 

0.0 

.000 



0.000 

0.000 

0.0 

.000 

2 

30 

.310 

. 0 6 8 

.189 

.120 

4 

60 

0.000 

-.084 

-.042 

.042 


90 

-.080 

-.059 

-.069 

— .010 


120 

-.070 

-.031 • 

-.050 

-.019 


150 

-.038 

-.013 

-.025 

-.012 


180 

0.000 

0.000 

o.o ■ 

.000 



G .000 

0.000 

0.0 

.000 

•5 

30 

.777 

.212 

.495 

.282 

2 

60 

.327 

.016 

.172 

.155 


90 

-.221 

-.168 

-.195 

-.026 


120 

-.377 

-.176 

-.276 

-.100 


150 

-.249 

-.099 

-. 174 

-.075 


180 

0.000 

0.000 

0.0 

.000 



HOG? STRESS INSIDE ( J]~F) ? = 06 


e 

xunp 

- s^'S 1 


s t 57 I 

a « 1 30 

1.920 

.003 

.961 

.958 

-.234 

.021 

“.106 

127 

1 -2.25 60 

-.780 

.209 

-.285 

-.495 

90 

-.331 

.507 

.087 

-.419 

120 

.031 

« 6 2 0 

.325 

-. 294 

150 

.224 

*653 

.439 

-.214 

180 

.264 

* 660 

.472 

-.188 




.750 

.395 

.572 

. 177 

a » 1 

30 

.039 

.036 

.037 

.001 

1-3 

60 ' 

-.397 

.005 

-.196 

-.201 


90 

-.239 

.205 

>“.017 

-.222 


120 

-.008 

.324 

.157 

-. 166 


150 

.138 

.371 

.255 

-.1 16 


180 

.187 

.384 

.285 

-.098 




.333 

.261 

.297 

.035 

a * 1 

30 

.061 

.074 

. 067 

-.006 

1-4 

60 

-.195 

-.016 

“.105 

-.089 


90 

-.155 

.075 

*“• 039 

-. 1 15 


120 

-.020 

.164 

.071 

-.092 


150 

.083 

.209 

. 146 

— .063 


180 

.120 

.222 

.171 

-.051 




.120 

.118 

.119 

0.000 

a - 1 

30 

.036 

.056 

.046 

-.009 

1-6 

60 

-.071 

-.003 

-.037 

-.034 


90 

-.076 

.016 

-.029 

— . 0 46 


120 

-.017 

• 061 

.021 

-.039 


150 

.039 

.092 

.065 

— .026 


180 

.061 

.102 

.081 

— • 0 20 




.750 

.249 

.499 

.250 

3 m 2 

30 

-.147 

-.145 

-.146 

0.000 

1-4 

6 0 

-.250 

.072 

“.088 

-.161 

90 

-.089 

,183 

• 0 4 6 

-.136 


120 

.015 

.208 

.111 

-.096 


150 

• 067 

.212 

. 140 

-.072 


180 

.083 

.212 

.148 

-.064 




1.333 

.601 

.967 

.365 

a - .5 

30 

.245 

.337 

.291 

— . 0 46 

1-2 

60 

-.781 

.147 

-.316 

— .464 

► 

90 

-.622 

.372 

“.125 

-.497 


120 

-.081 

.636 

.277 

-.359 


150 

.333 

.787 

.560 

-.226 


180 

.480 

.833 

.656 

-.176 


17Q 



HQDP STRESS INSIDE ); f = */j 


172 



© 

St = S--U =s 

ftatSg. - 

S, JiSj Sx ST © 




.768 

.02 5 

.396 

.371 

a » 1 

30 

-.093 

-.113 

*.103 

.009 

1 -2.25 

60 

-.312 

-.139 

-.225 

- • 0 86 


90 

-.132 

- » 044 

“.088 

-.043 


120 

.012 

-.005 

.003 

.009 


150 

.089 

.005 

.047 

• 0 4*2 


180 

.113 

.008 

.060 

.052 



.300 

.115 

.207 

.092 

a * 1 

30 

.015 

-.061 

*” » 0 2 2 

.038 

I » 3 

60 

-.159 

-.111 

-.135 

-.023 


9 0 

-.095 

-.047 

-.071 

-.024 


120 

-.003 

-.006 

-.005 

.001 


150 

.055 

.010 

a Q 3 2 

.022 


180 

.075 

.014 

.044 

.030 



• 133 

.065 

.099 

.033 

a * 1 

30 

.024 

-.018 

.003 

.021 

1 » 1 

60 

-.078 

-.067 

-.073 

-.005 


90 

-.062 

-.039 

-.05 0 

-.011 


120 

-.008 

-.008 

-.008 

0.000 


150 

■ .033 

.008 

.020 

.012 


180 

.048 

.013 

.030 

.017 



.048 

.025 

.036 

.011 

a * 1 

30 , 

.014 

-.001 

.006 

.008 

1 ■ 6 

60 

-.028 

— . 0 2 8 

-.028 

0.000 


90 

-.030 

-.022 

-.026 

-.003 


120 

-.007 

-.006 

-.006 

0.000 


150 

.015 

.004 

.010 

.005 


180 

.024 

.008 

.016 

.007 



.300 

.132 

.216 

.083 

a * 2 

30 

-.059 

-.098 

-.078 

.019 

1-4 

60 

-.100 

-.045 

-.072 

-.027 


90 

-.035 

-.007 

-.021 

-.014 


120 

.006 

.001 

.003 

.002 


150 

.027 

.002 

.014 

.012 


180 

.03 3 

.003 

.018 

.015 



.533 

.083 

.308 

.224 

a » .5 

30 

.098 

-.056 

.020 

.077 

1-2 

60 

-.312 

-.186 

-.249 

-.062 


90 

-.249 

-.129 

-.189 

-.059 


120 

-.032 

-.039 

-.036 

.003 


1 a r\ 

UC1 

. n 1 ^ 

-n78 

» n 6 n 



OSXfc, 

HOOP STRESS ISSUE ( ^^ ) ; 1 


& 1 

& - 5*, » S ’ j Si s 

- S v r 5 

[ £( » % ) o 

| Si **/ Swr 1 


1.280 

.034 

.657 

.622 

a « 1 30 

-.156 

-.143 

-.149 

-.006 

1 » 2.25 60 

-.520 

-.149 

334 

-.185 

90 

-.221 

.016 

-.102 

-.118 

120 

.020 

.084 

.052 

-.031 

150 

.149 

.104 

.127 

.022 

180 

.189 

.108 

. 148 

.040 




.500 

.208 

.354 

.145 

a * 1 

30 

.026 

-.073 ' 

-.023 

.050 

1-5 

60 

-.265 

-.143 

-.204 

-.060 


90 

-.159 

-.031 

-.095 

— .064 


120 

-.005 

.039 

. 0 1 6 

-.022 


150 

.092 

.068 

.080 

.012 


180 

.125 

.075 

. 1 

.024 




.222 

.123 

.172 

.049 

a — 1 

30 

.040 

-.012 

.014 

.026 

1-4 

60 

-.130 

-.090 

-.110 

-.019 


90 

-.103 

-.039 

"•071 

-.031 


120 

-.013 

.013 

0.0 

.013 


150 

.055 

.041 

.048 

.006 


180 

.080 

.050 

.065 

• 0 1 4 






.080 

.050 

• 065 

.014 

a - 1 

30 

.024 

.006 

.015 

.008 

1-6 

60 

-.047 

-.037 

".042 

-.005 


90 

-.051 

-.027 

-.039 

-.on 


120 

-.011 

0.000 

-•005 

-.006 


150 

.026 

.019 • 

.022 

.003 


100 

.040 

.026 

.033 

.007 




.500 

.208 

.354 

.145 

a » 2 

30 

-.098 

-.148 

-.123 

.025 

1-4 

6 0 

-.166 

-.048 

-. 107 

-.059 


90 

-.059 

.017 

— . 0 2 1 

-.038 


120 

.010 

.032 

.021 

— .Oil 


150 

.045 

.0 35 

.040 

.004 


180 

.055 

.035 

.045 

.010 


.888 

.197 

.543 

.345 

.163 

-.023 

.070 

.093 

-.520 

-.220 

-.370 

-.150 

-.415 

-.113 

-.264 

-.151 

-.054 

.042 

-.005 

-.048 

.222 

.134 

.178 

. 044 

.320 

.162 

.241 

.078 



174 


HOOP SIHESS OUTSIDE 



)» 


f- ft) 


a » 1 
1 « 2.25 


a ■ 1 

1-3 


a - t 

1-4 


a - 1 

1-6 


a — 2 

1-4 


a » .5 
1-2 


0 

l s 

Sr - - - €* 

£>-•*- s* Si.®* 

'S( 


-.639 

1.968 

a 6 64 

- 1.304 

30 

.078 

1.203 

.640 

-.562 

60 

.26 0 

.617 

.438 

-.178 

90 

.110 

.389 

.249 

-.139 

120 

-.010 

.319 

.154 

-.164 

150 

-.074 

.299 

'.112 

-.187 

180 

-.094 

.295 

. 1 

.195 



-.249 

.682 

.216 

-.466 

30 

-.013 

.633 

.310 

-.323 

60 

. 132 

.445 

.289 

-.156 

90 

.080 

.292 

. 186 

-.106 

120 

.002 

.221 

.112 

-.109 

150 

-.046 

.193 

.073 

-.120 

180 

-.062 

.186 

.062 

-.124 



-.111 

.292 

.090 

-.201 

30 

-.020 

.310 

. 144 

-.165 

60 

.065 

.270 

. 167 

-.102 

90 

.051 

.196 

. 124 

-.072 

120 

.006 

.146 

.< 076 

-.069 

150 

-.027 

.122 

.047 

-.075 

180 

-.040 

.115 

.037 

-.077 



-.039 

.104 

.032 

-.072 

30 

-.012 

.116 

.052 

-.064 

60 

.023 

.120 

.071 

— .048 

90 

.025 

.099 

.062 

-.037 

120 

.005 

.076 

.041 

— .035 

150 

-.013 

.061 

.024 

-.037 

180 

-.020 

.057 

.018 

-.038 



-.249 

.666 

.208 

-.458 

30 

.049 

.424 

.236 

-.187 

60 

.083 

.170 

. 126 

-.043 

90 

.030 

.102 

.066 

-.036 

120 

-.005 

.088 

.041 

-.046 

150 

-.022 

.086 

.032 

-.054 

180 

-.027 

.086 

.029 

-.057 



-.444 

1.317 

.436 

-.881 

30 

-.081 

1.227 

.572 

-.654 

60 

.260 

1.010 

' .635 

-.374 

90 

.207 

.762 

.485 

-.277 

120 

.027 

.592 

.309 

-.282 

150 

-.111 

.507 

.197 

-.309 

180 

, -.160 

.482 

. 161 

-.321 



175 


a m 1 
1 - 2.25 


a - 1 

1-5 


a - 1 
1-4 


a « 1 
1-6 


a « 2 
1-4 


a * .5 
1-2 


HOOP STRESS OUTSIDE ( &£r 3 


& 

J>< ~ f [ S'* 

-*».= s 

- 8y 

&i~ a / ^ =r 


. 182 

.745 

.464 

-.281 

30 

-.022 

.427 

.202 

-.224 

60 

-.074 

.225 

.075 

-.149 

90 

-.031 

.198 

.083 

-.115 

120 

.002 

.196 

.099 

-.096 

150 

.021 

.195 

.108 

-.087 

180 

.027 

.195 

.111 

-.084 



.071 

.333 

.202 

-.131 

30 

.003 

.227 

.115 

-.112 

60 

-.037 

.141 

.051 

-.089 

90 

-.022 

.124 

.050 

-.073 

120 

0.000 

.122 

.060 

-.061 

150 

.013 

.121 

.067 

-.054 

180 

.017 

.121 

.069 

-.051 



.031 

.158 

.094 

— • 063 

30 

.005 

.121 

.063 

-.057 

60 

-.018 

.083 

.032 

— ® 0 5 0 

90 

-.014 

.073 

.029 

-.044 

120 

-.001 

.073 

.035 

-.0 37 

150 

.007 

. 0/4 

.041 

-.033 

180 

.011 

.074 

.042 

-.031 



.011 

.059 

.035 

-.024 

30 

.003 

. 0 5 0 

.026 

-.023 

60 

-.006 

.037 

.015 

• -.022 

90 

-.007 

.034 

.013 

-.020 

120 

-.001 

.034 

.016 

-.018 

150 

.003 

.035 

.019 

-.016 

180 

.005 

. 036 - 

.021 

-.015 



.071 

.313 

.192 

-.120 

30 

-.014 

.117 

.051 

-.065 

60 

-.023 

.062 

.019 

-.042 

90 

-.008 

.059 

.025 

-.034 

120 

.001 

.059 

.030 

-.029 

150 

.006 

.059 

.033 

-.026 

180 

.007 

.059 

.033 

-.025 



.127 

.590 

.358 

-.231 

30 

.023 

.489 

.256 

-.233 

60 

-.074 

.353 

.139 

-.213 

90 

-.059 

.302 

.121 

-.180 

120 

-.007 

.292 

.142 

-.150 

150 

.031 

.292 

.162 

-.130 

180 

.045 

.292 

.169 

-.123 



176 


HOOP STRESS OUTSIDE 


S3L~, 

A-* } 




?-Yi 



* “ 1 30 

2.815 

-.332 

1.241 

1.574 

-.343 

— .626 

-.484 

.141 

1*2*25 5 0 

- 1.144 

-.570 

“.857 

-.286 

9 0 

-.486 

-.168 

-.337 

-.148 

120 

.045 

-.036 

.004 

..041 

150 

.329 

.008 

. 169 

.160 

180 

.416 

.017 

.217 

.199 




1.099 

.266 

.683 

.416 

a * 1 

30 

.057 

-.332 

' -.137 

.195 

1-5 

60 

-.583 

-.460 

-.521 

-.061 


90 

-.352 

-.203 

-.277 

-.074 


120 

-.013 

-.042 

-.027 

.014 


150 

.203 

.022 

.113 

.090 


180 

.274 

.038 

. 156 

.118 




.488 

.173 

.331 

.157 

a * 1 

30 

.089 

-.118 

-.014 

..104 

1*4 

60 

-.286 . 

-.281 

-.264 

-.002 

90 

-.228 

-.164 

-.196 

-.031 


120 

-.029 

-.044 

-.037 . 

.007 


150 

.122 

.018 

.070 

..051 


180 

.176 

.037 

. 106 

.069 




.175 

.070 

. 123 

' .052 

a * 1 

30 

.053 

-.025 

.014 

.039 

1*6 

60 

-.105 

-.119 

-.112 

.006 


90 

-.112 

-.095 

-.103 

-.008 


120 

- . 026 

-.033 

-.029 

.003 


150 

.057 

.009 

.033 

.023 


180 

.089 

.024 

.057 

.032 




1.099 

. 313 ' 

.706 

.393 

a * 2 

30 

-.216 

-.424 

-.320 

.104 

1 « 4 

60 

-.366 

— .180 

-.273 

-.092 


90 

-.132 

-.031 

-.081 

-.050 


120 

.0 22 

.002 

.012 

.009 


150 

.099 

.008 

.053 

.045 


180 

.122 

.009 

.065 

.056 



1.955 

.044 

.999 

.955 

mm *» 3 0 

■ . 359 , 

-.418 

-.029 

.389 

& ** • J 

1 a 0 6 0 

- 1 . 145 

-.815 

-.980 

-.164 

JL m & 

90 

-.913 

-.558 

-.735 

-.177 

120 

-.119 

-.205 

-.162 

.042 

150 

.489 

.001 

.245 

. 44 

180 

.704 

.063 

.383 

.320 




12 0 *020 .084 .052 -.031 
150 .149 .104 .127 .022 
180 .189 .108 .148 .040 




.500 

.2 08 

.354 

.145 

a a 1 

30 

.026 

-.073 

-.023 

• p 50 

1 a 5 

60 

-.265 

-.143 

-.204 

-.060 


90 

-.159 

-.031 

-.095 

-.064 


120 

-.005 

.039 

.016 

-.022 


150 

.092 

.068 

.080 

.012 


180 

.125 

.075 

. 1 

.024 


a = 1 

30 

.222 

.040 

.123 

-.012 

. 172 
.014 

.049 

.026 

1-4 

60 

-.130 

-.090 

-.110 

-.019 


90 

-.103 

-.039 

-. 0-71 

-.031 


120 

-.013 

.013 

0.0 

.013 


150 

.055 

.041 

.048 

.006 


180 

.080 

.050 

.065 

.014 




.080 

.050 

.065 

.014 

a ® 1 

30 

.024 

.006 

.015 

.008 

X ® 6 

60 

-.047 

-.037 

-.042 

-.005 


90 

-.051 

-.027 

-.039 

-.011 


120 

-.011 

0.000 

-.005 

-.006 


150 

.026 

.019 

.022 

.003 


180 

.040 

.026 

.033 

.007 




.500 

.208 

.354 

.145 

a - 2 

30 

-.098 

-.148 

-.123 

.025 

1-4 

60 

-.166 

-.048 

-.107 

-.059 


90 

-.059 

.017 

-.021 

-.038 


120 

.010 

.032 

.021 

-.011 


150 

.045 

.035 

.040 

.004 


180 

.055 

.035 

.045 

.010 



.888 

.197 

.543 

.345 

a — *5 8 0 

.163 

-.023 

.070 

.093 

1-2 00 

-.520 

-.220 

-.370 

-.150 

90 

-.415 

-.113 

-.264 

-.151 

120 

-.054 

.042 

-.005 

-.048 

150 

.222 

.134 

.178 

.044 

180 

.320 

.162 

.241 

.078 



M p 


178 


HOOP STRIPS OUTSIDE 



O 


a 

1 


a 

1 



e 

Si~z SVr b 

8 6 

on 

ii 

n 

Q 

S ,= 

- 1 

30 

5.119 

-.624 

-.390 
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TABLE 3 t Stresses along the inclusion boundary in the presence 
of an inhomogeneity (Chapter XL), for a few values of 
radius a of the inhomogeneity and the distance 1 
between the centres of the inolusion and the inhomege- 
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0. 000 

0.000 

0*900 

0.000 

* 238 

.577 

nui 

* c "« ■ t 

.578 

0.000 

0.000 

•o 0 1 1 

-.577 

~. 287 

-.578 

0.000 

0.000 


0.000 
... 299 
-.*310 
-.031 
.271 
.347 
0.000 

°:W 

-.296 
-.003 
. 2 89 
.*305 

0.000 

0.000 

-.299 

290 

-.001 

.289 

.291 

0.000 




0.000 

& -2 

30 

-.033 

1- 4 

60 

-.066 


90 

-..082 


120 

-.023 


150 

,132 


1 0 

0.000 



0.000 

a® .5 

30 

-.010 

1« 2 

OQ 

-.075 


on 

-.050 


1 *\ f\ 

1 |;A 

-.0 1 


1 { 

* 0 "T 

0.000 


0.000 

0.000 

.276 

.586 

.264 

.595 

-.031 

.019 

-.300 

-.577 

-.245 

-.423 

0.000 

0.000 

0.000 

0.000 

.284 

» 5 : 0 

..279 

.583 

-.020 

..009 

3? 4 

~..So7 

— « 7 ■ 

--.400- 

0,000 

0.000 


0.000 

-.310 

-.330 

-.051 

.276 

.377 

0.000 


0.000 

-.295 

-.304 

-.030 

'.243 

2 0 h 
0*000 



THJGEUTIAL STRESS ( jZTf ) 5 1 


' 

St -O 5 *'JU 


£,=•- f * 1 

■ S | s O / 5 * a_'«S 

a - 1 30 

.000 

0.000 

0.000 

c.o 

-.034 

.265 

.564 

-.299 

1 - 2.25 60 

-.082 

.234 

.551 

-.317 

90 

-.157 

' -.097 

-.037 

-.060 

120 

-.235 

-.422 

-.609 

.186 

150 

.077 

-.206 

-.491 

.284 

180 

. 0.000 

0.000 

0.000 

0.0 


a - 1 

30 

.000 

-.016 

0.000 
♦ 277 

0.000 

.571 

G.O 

-.293 

1-3 

60 

-.034 

.265 

.565 

-.3 


90 

-.0 51 

-.033 

-.014 

-.018 


12 o 

-.030 

-.306 

-.581 

.275 


150 

.090 

-.225 

-.542 

.316 


180 

0.000 

0.000 

0.000 

o 

• 

o 


a «* 1 


.000 

0.000 

0.000 

G.O 

30 

-.006 

.284 

.574 

-.290 

1*4 

60 

-.012 

,280 

.572 

-.292 


90 

-.013 

-.009 

-.004 

-.004 


120 

0.000 

-.287 

-.575 

.288 


150 

.026 

-.270 

-.567 

.296 


180 

0.000 

0.000 

0.000 

o 

• 

o 




.000 

0.000 

0.000 

G.O 

a — 1 

30 

-.•001 

.287 

.576 

-.289 

1-6 

60 

-.’002 

.286 

.576 

-.289 


90 

-.001 

-.001 

0.000 

0.0 


120 

.001 

-.287 

-.576 

.289 


150 

4 004 

-.285 

-.575 

.290 


180 

0.000 

0.000 

0.000 

G.O 



* 

.000 

0.000 

0.000 

0.0 

a * 2 

30 

-.033 

.266 

.565 

-.299 

1 SB 4 

60 

-.066 

.244 

.555 

-.310 


90 

-.082 

-.053 

-.024 

-.029 


120 

-.023 

-.301 

-.578 

.277 


15 C 

.132 

-.195 

-.522 

.327 


180 

0.000 

- 0.000 

0.000 

0.0 



.000 

0.000 

0 .000 

0.0 

a * .5 30 

-.010 

.281 

.573 

-.291 

1 ss 2 60 

-.025 

.271 

.568 

-.297 

90 

-.050 

-.031 

-.013 

-.018 

120 

-.081 

-.335 

-.589 

.254 

150 

.048 

-.249 

-.547 

.297 

180 

0.000 

0.000 

0.000 

o 

• 

o 
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&*.r 

HOOP STRESS UJSIDE ( . 

<57 •=.£., “?r C r 7= r — a » 

f - 

„ 16 
OO 

a * 1 

*1 M 

30 

- 2.000 

- 2.000 

^56 I 

-.642 

-.815 

o'i =- 

.714 

.370 

-1 

-1 

& yjvt % 

357 

185 

1 * 2 .: 

25 60 

- 1.997 

- 1.153 

-.309 


843 


90 

- 1.963 

- 1.294 

-.624 


669 


120 

- 1.780 

-.984 

-.189 


795 


150 

- 1.258 

-.317 

.622 

** 

940 


180 

- 1.072 

-.227 

.617 


845 



- 1.999 

-.637 

.723 

-1 

361 

a ® 1 

30 

- 1.996 

-.804 

.387 

-1 

191 

1*3 

60 

- 1.984 

- 1.133 

-.283 

- 

850 


90 

- 1.949 

- 1.276 

-.6 03 

- 

673 


120 

- 1.874 

- 1.050 

-.226 

— 

823 


150 

- 1.838 

-.694 

.450 

-1 

144 


180 

- 1.964 

-.642 

.679 

-1 

321 



- 1.999 

-.651 

.697 

-1 

348 

a * 1 

30 

- 1.997 

-.816 

.364 

-1 

181 

1-4 

60 

- 1.991 

- 1.145 

-.300 

- 

845 


90 

- 1.977 

- 1.301 

-.626 

- 

675 


120 

- 1.959 

- 1.120 

-.281 

- 

8 39 ' 


150 

- 1.968 

-. 795 , 

.377 

-1 

172 


180 

- 1.997 

-.654 

.687 

-1 

3 42 



- 1.999 

-.661 

.677 

-1 

338 

a - 1 

30 

- 1.999 

-.827 

.3 44 

-1 

171 

1-6 

60 

- 1.997 

- 1.159 

-.321 

- 

838 


90 

- 1.994 

- 1.323 

-.652 

- 

671 


120 

- 1.992 

- 1.155 

-.318 

- 

837 


150 

- 1*996 

-.825 

.345 

-1 

171 


180 

- 1.999 

-.661 

.676 

-1 

,338 

t 



- 1.998 

-.478 

1 .041 

-1 

,5 19 

a « 2 

30 

- 1.990 

-.652 

.684 

-1 

,3 37 

1-4 

60 

- 1.959 

-.995 

- .0 30 

- 

,964 


90 

- 1.889 

- 1.137 

-.384 

- 

,752 


120 

- 1.777 

— * 8 86 

.004 

~ 

,891 


150 

- 1.765 

-.523 

.719 

-1 

,242 


180 

- 1.902 

- . 465 

.972 

-1 

,4 37 



- 2.000 

-.664 

.671 

-1 , 

.335 

a « .5 

30 

- 2.000 

-.832 

.335 

-1 , 

.167 j 

1-2 

60 

- 1.999 

- 1.165 

-.331 

- , 

.833 


90 

- 1.988 

- 1.320 

-.652 

- 

.668 


120 

- 1.924 

- 1.100 

-.277 

- 

.823 ! 


150 

- 1.722 

-.632 

.456 

-1 

.089 I, 


180 

- 1.912 

-.656 

.599 

-1 

.256 



H » 
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HOOP STHESS IISIDE ( 


A *5 


SiJ 


S f X ^0 

1 30 

2-25 60 

- 1.999 

-.675 

- 1.999 

- 2.001 

-.839 

- 1.170 

90 

- 2.018 

- 1,354 

120 

- 2.109 

- 1.271 

150 

- 2.370 

- 1.121 

180 

- 2.463 

-.797 


- 2.000 

-.680 

1 30 

- 2.001 

-.846 

3 &o 

- 2.007 

- 1.182 


- 2.025 
- 2.062 
-2 » 0 8 0 
- 2.018 


- 1.362 

- 1.227 


.649 

.320 

-.340 

-.690 

-.433 

.127 

.869 


.639 

.307 

-.357 

-.699 

-.391 

.272 

.672 


£l=Az = 

- 1.324 
- 1.160 
-.830 
-.663 
-.837 
- 1.249 
- 1 . 666 


- 1.319 

- 1.154 

-.824 

-.662 

-.835 

- 1.176 

- 1.345 


a » 1 
1*4 


a -.5 
1-2 



- 2.000 

-.674 

.651 

- 1.325 

30 

- 2.001 

-.841 

.318 

- 1.159 

60 

- 2.004 

- 1.177 

-. 349 

-.827 

90 

- 2.011 

- 1.349 

-.687 

-.662 

120 

- 2.020 

- 1.190 

-.359 

-.830 

150 

- 2.015 

-.852 

.311 

- 1.163 

180 

- 2.001 

-.672 

.657 

- 1.329 


- 2.000 

■ — . 669 

.661 

- 1.330 

30 

- 2.000 

-.836 

.327 

- 1.164 

60 

- 2.001 

- 1.170 

-.339 

-.830 

90 

- 2.002 

- 1.338 

-.673 

-.664 

120 

- 2.003 

- 1.172 

-.341 

-.831 

150 

- 2.001 

-.837 

.327 

- 1.164 

180 

- 2.000 

-.669 

.661 

- 1.331 

•• 

- 2.000 

-.758 

.484 

- 1.242 

30 

- 2.004 

-.921 

.162 

- 1.083 

60 

- 2.020 

- 1.251 

-.48 3 

-.768 

90 

- 2.055 

- 1.434 

-.814 

-.620 

120 

- 2.111 

- 1.315 

-.519 

-.795 

150 

- 2.117 

■ -.989 

.138 

- 1.127 

180 

- 2.048 

-.750 

. 548 

- 1.298 


- 1.999 

-.667 

.664 

- 1.332 

30 

- 1.999 

-.833 

.332 

— 1 . 166 

60 

- 2.000 

- 1.167 

-.333 

-.833 

90 

- 2.005 

- 1.339 

-.674 

-.665 

120 

- 2.037 

- 1.201 

-.364 

-.836 

150 

- 2.138 

-.936 

.265 

- 1.202 

180 

- 2.043 

-.662 

.719 

- 1.381 
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- 1.999 

a ■ 1 30 - 1.999 

1 « 2.25 60 - 2.000 

90 - 2.010 

120 - 2.062 

150 ' - 2.211 

180 - 2.264 


-.672 

-.837 

- 1.169 

- 1.345 

- 1.223 

-.991 

-.761 


.655 - 1.327 

•324 - 1.162 

-.338 -.831 

-.679 -.665 

-.384 -.839 

.229 - 1.220 

.741 - 1.503 


a 

1 


1 

3 


a » 1 
1=4 


a « 1 
1 ■ 6 


a 

1 


2 

4 


a * .5 

1-2 


30 

- 2.000 

-.674 


- 2.000 

-.841 


60 

“ 2.004 

- 1.175 

““ a 

90 

- 2.014 

- 1.349 

_ 

120 

- 2.035 

- 1.200 

— * 

150 

- 2*046 

-.873 


180 

- 2.010 

-.671 



- 2.000 

-.671 

a 

30 

- 2.000 

-.838 

a 

60 

- 2.002 

- 1.172 


90 

- 2.006 

- 1.342 

— 

120 

- 2.011 

- 1.179 


150 

- 2.009 

-.844 


180 

- 2.000 

-.669 

• 


- 2.000 

-.668 


30 

- 2.000 

-.834 

# 

60 

- 2'. 000 

- 1.168 

— « 

90 

— 2.001 

- 1.336 


120 

- 2.002 

- 1.169 

_ a ! 

150 

- 2.001 

-.835 


180 

- 2.000 

-.668 

« < 


- 2.000 

-.719 

a 

30 

- 2.002 

-.884 


60 

- 2.011 

- 1.215 

— # , 

90 

- 2.031 

- 1.390 

- * ' 

120 

- 2.063 

- 1.249 

- # - 

150 

- 2.066 

-.922 


180 

- 2.027 

-.718 

» 


- 1.999 

-.667 

a 

30 

- 1.999 

-.833 

a 

60 

- 2.000 

- 1.166 

— # 

90 

- 2.003 

- 1.337 

- a 

120 

- 2.021 

- 1.185 

— 9 

150 

- 2.079 

-.891 

t 

180 

- 2.024 

-.666 

a 


650 


-.685 
365 
299 
667 


657 

324 

342 

678 

348 

320 

661 


330 

336 

670 


663 


419 

749 


332 

333 
670 
350 ' 


- 1.325 

- 1.159 

-.828 

-.664 

-.835 

- 1.172 

- 1.338 


- 1.328 
- 1.162 
-.8 29 
-.664 
-.831 
- 1.164 
- 1.330 


- 1.331 

- 1.165 

-.831 

-.665 

-.832 

- 1.165 

- 1.332 


- 1.280 
- 1.118 
-.795 
- .640 
-.813 
- 1.144 
- 1*309 


- 1.332 
- 1.166 
-.833 
- • 666 
-.835 
- 1.187 
- 1.358 
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cox 



HOOP STRESS ISSIDE ( 

XT? -5 ' 


©>( 

Si •*. 

- ° 

^0 

ua 

I 

li 

u-T 

- d / S-vc 


- 2.000 

-.657 

.684 

- 1.342 

& - 1 30 

- 2.000 

-.826 

.347 

- 1.173 

1 -2.25 60 

- 1.999 

- 1.161 

-.324 

-.837 

90 

- 1.985 

- 1.317 

-.649 

-.667 

120 

- 1.912 

- 1.092 

-.272 

-.819 

150 

- 1.703 

-.623 

.456 

- 1.079 

180 

- 1.629 

-.501 

.626 

- 1.127 


- 1.999 -.655 .689 - 1.344 

30 - 1.998 -.822 .354 - 1.176 

60 - 1.993 - 1.153 -.313 -.840 

90 - 1.979 - 1.310 -.641 -.669 

X 20 - 1.949 - 1.119 -.289 -.829 

150 - 1 '• 9 3 5 -.777 , .380 - 1.157 

180 - 1.985 -.657 .670 - 1.327 


- 1.999 -.660 

& « 1 30 . - 1*999 -.826 

1 « 4 60 - 1.996 - 1.158 

90 - 1.990 - 1.320 

120 - 1.983 - 1.148 

150 - 1.987 -.818 

180 - 1.998 -.661 


.679 - 1.339 

.345 - 1.172 

-.320 -.838 

— .650 “*.670 

-.312 -.835 

.350 - 1.169 

.674 - 1.336 


- 1.999 -.664 

a „ i 30 - 1.999 -.831 

1 » 6 60 - 1.998 - 1 .163 

90 - 1*997 - 1.329 

120 - 1.997 - 1.162 

150 — lv 998 —.830 

180 - 1.999 -.664 


.670 - 1.335 

*337 — 1.168 

—.328 — .835 

-.666 -.668 

-.327 -.834 

.338 - 1.168 

.670 • - 1.335 



- 1.999 

-.591 

.816 

- 1.407 

30 

- 1.996 

-.761 

.473 

- 1.234 

60 

- 1.983 

- 1.098 

-.212 

-.885 

90 

- 1.955 

- 1.254 

-.553 

-.701 

120 

- 1.910 

- 1.053 

-.196 

-.857 

150 

- 1.906 

-.709 

.487 

- 1.197 

180 

- 1.961 

-.588 

.785 

- 1.373 


- 2.000 -.665 

,5 30 - 2.000 -.833 

1 s 2 60 - 1.999 - 1.166 

90 - 1.995 - 1.328 

120 - 1.969 - 1.140 

150 - 1.888 -.752 


.668 - 1.334 

.334 - 1.167 

-.332 -.833 

-.660 -.667 

-.310 -.829 

.383 - 1.136 




HOOP STRESS OUTSIDE 


wa 




as 


.. <S/~ & <S/ j , -^.= S~ | ^/ — ° / 6T 


a » 1 30 

1 -2.25 60 

90 

120 

150 

180 


1.999 .023 
1*999 .518 
2.002 1.512 
2*036 2.039 
2.219 1.681 
2.741 1.015 
2.927 .438 


.047 

1.976 

.037 

■ 1 . 4 43 i 

.023 

.489 

.041 

-.002 

.143 

.537 

' .289 

1.726 

-.049 

2.488 



30 

2.000 

.028 

. 057 

1.971 

& ■ 1 

2.003 

.528 

.053 

1.474 

1-3 

60 

2.015 

1.532 

.050 

.482 


90 

2.050 

2.056 

.063 

-.006 


120 

2.125 

1.616 

.106 

.509 


150 

2.161 

.639 

.116 

1.522 


180 

2.036 

*024 

.012 

. 2.0H 



- 

2.000 

.015 

.031 

1.984 

a » 1 

30 

2.002 

.516 

.061 

1.485 

1-4 

60 

2.008 

1.520 

.033 

.487 

90 

2.022 

2.031 

.040 

-.008 


120 

2.040 

1.546 

.051 

.494 


150 

2.031 

.537 

.043 

1.493 


180 

2 « 0 0 2 

.012 

.021 

1.990 




2.000 

.005 

• oio 

1.994 

a » 1 

30 

2.000 

.505 

.010 

1.494 

1-6 

60 

2.002 

1.507 

.012 

.495 


90 

2.005 

2.009 

.014 

-.004 


120 

2.007 

1.511 

.015 

.495 


150 

2.003 

.508 

.012 

1.495 


180 

2.000 

.004 

.009 

1.995 




2.001 

. 188 

.375 

1.813 

a ® 2 

30 

2.009 

.680 

.351 

1.329 

1 ® 4 

60 

2.040 

1.671 

.302 

.368 


90 

2.110 

2.196 

.281 

-.085 


120 

2.222 

1.780 

.338 

.442 


150 

2.234 

.810 

.386 

1.424 


180 

2.097 

.201 

.305 

1.895 



1.999 

.002 

.005 

1.997 

a -.5 30 

1.999 

.500 

.002 

1.498 

1-2 60 

2.000 

1.501 

.001 

.499 

90 

2.011 

2.013 

.014 

-.001 

120 

2.075 

1.565 

.056 

.509 

150 

2.277 

.700 

.122 

1.577 

180 

2.087 

.010 

— • 066 

2.077 
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HOOP 

STEESS OUTSIDE 


f ' 3 


I 

$!- 0 

ft - 

W3 

U 

i 

11 

~ o / «s5” X-3P 1 


2.000 

-.008 


-. 017 ' 

2.008 

a - 1 30 

2.000 

.493 


-.012 

1.5 06 

1 - 2.25 60 

1.998 

1.495 


-.007 

.503 

90 

1.981 

1.978 


-.023 

.002 

120 

1.890 

1.394 


-.100 

.495 

150 

1.629 

.211 


-.205 

1.417 

180 

1.536 

-.130 


.202 

1.666 




1.999 

-.013 

-.027 

■ 2.013 

a ■ 1 

30 

1.998 

.486 

-.025 

1.512 

1-3 

60 

1.992 

1.483 

-.024 

.508 


90 

1.974 

1.970 

-.033 

.004 


120 

1.937 

1.439 

-.058 

.497 


150 

1.919 

.429 

-.060 

1.489 


180 

1.982 

-.006 

.005 

1.988 




1.999 

-.007 

-.015 

2.007 

a « 1 

30 

1.998 

.491 

-.015 

1.507 

1-4 

60 

1.995 

1.489 

-.016 

.506 


90 

1.988 

1.983 

-.020 

.004 


120 

1.979 

1.476 

— .026 

.503 


150 

. 1.984 

.481 

-.021 

■ 1.503 


180 

1.998 

-.005 

' -.009 

2.003 




1.999 

-.002 

-.005 

2.002 

a - 1 

30 • 

1.999 

.497 

-.005 

1.502 

1-6 

60 

1.998 

1.496 

. -.006 

.502 


90 

1.997 

1.995 

-.007 

.002 


120 

1.996 

1.494 . 

-.007 

.502 


150 

1.998 

.495 

-.006 

1.502 


180 

1.999 

-.002 

• -.004 

2.002 




1.999 

-.091 

-.181 

2.090 

a * 2 

30 

1.995 

.411 

-.171 

1.583 

<&» 

I SB A 

60 

1.979 

1.414 

. -.150 

.565 


90 

1.944 

1.898 

-.148 

. 0^6 


120 

1.888 

1.351 

1 

a 

j — i 

CO 

U1 

.537 


150 

1.8 82 

.344 

-.194 

1.538 


180 

1.951 

-.083 

-.118 

2.034 




2.000 

-.001 

-.002 

2.001 

a - .5 

30 

2.000 

.499 

0.000 

1.5 

1 = 2 

60 

1.999 

1.499 

0.000 

.5 


90 

1.994 

1.993 

-.007 

G.O 


120 

1.962 

1.465 

- .030 

.496 


180 

1.956 

.004 

.052 

1.951 
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HOOP STRESS OUTSIDE 5 

fl 




S* t; 0 | 

~ & 1 

&f 21 & j 

ft » 1 


2.000 

■“•005 

-.011 

2.005 

30 

2.000 

• 495 

-.008 

1.504 

1 - 2.25 

60 

1.999 

1.497 

-.005 

.502 


90 

1.989 

1 . 988 ' 

-.012 

.001 


120 

1.937 

1.443 

-.050 

.494 


150 

1.788 

.342 

-.103 

1.445 


180 

1.735 

-.094 

.075 

1.830 


a * 1 

30 

1.999 

1.999 

-.007 

.492 

-.015 

-.014 

2.007 

1.507 

1 - 3 

60 

1.995 

1.490 

-.014 

.504 


90 

1.985 

1.983 

-.018 

.002 


120 

1.964 

1.465 

-.032 

.498 


150 

1.953 

.459 

-.034 

1.493 


180 

1.989 

-.004 

0.000 

1.994 


ft « 1 


1.999 

-.004 

00 

o 

o 

m 

! 

2.004 

30 

1.999 

.495 

-.008 

1.504 

1-4 

60 

1.997 

1.494 

“-.009 

.503 


90 

1.993 

1.990 

-.011 

.002 


120 

1.988 

1.486 

-.015 

.501 


150 

1.990 

.489 

-.012 

1.501 


180 

1.999 

-.003 

-.005 

2.002 




1.999 

-.001 

-.003 

2.001 

a - 1 

30 

1.999 

.498 

-.003 

1.501 

1—6 

60 

1.999 

. 1.497 

-.003 

.501 


90 

1.998 

1*997 

-.004 

.001 


120 

1.997 

1.496 

-.004 

.501 


150 

- 1.998 

.497 

-.003 

1.501 


180 

1.999 

-.001 

-.002 

2.001 




1.999 

-.052 

-. 105 ' 

2.052 

a - 2 

30 

1.997 

.449 

-.098 

1.548 

1-4 

60 

1.988 

1.451 

-.086 

.537 


90 

1.968 

1.942 

-.082 

.025 


120 

1.936 

1.416 

— .102 

.519 


150 

1.933 

.411 

-.110 

1.522 


180 

1.972 

-.051 

-.075 

2.023 




2.000 

0.000 

-.001 

• 2.0 

ft — .5 

30 

2.000 

.499 

0.000 

• 1.5 

1-2 

60 

1.999 

1.499 

0.000 

.5 


90 

1.996 

1.996 

-.004 

0.0 


120 

1.978 

1.480 

-.016 

.497 


‘ 150 

1.920 

.441 

-.037 

1.479 


180 

1.975 

0.000 

.025 

* 1.974 
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HOOP STRESS OUTSIDE ); / 


0 , 

Sir S'j.s: & 


s , =-£,.= r 

S ‘ t O ^ a < 

a » 1 30 

1.999 

.009 

.018 

1.990 

1.999 

.506 

.014 

1.492 

1 * 2.25 60 

2.000 

1.504 

.008 

.495 

90 

2.014 

2.015 

.017 

-.001 

120 

2.087 

1.574 . 

.060 

.513 

150 

2.296 

.709 

.122 

1.586 

180 

2.370 

.165 

-.040 

2.205 




2.000 

.011 

.022 

1.988 

a - t 

30 

2.001 

.511 

.021 

1.489 

1-3 

60 

2.006 

1.513 

.020 

.493 


90 

2.020 

2.022 

.025 

— * 002 


120 • 

2.050 

1.546 

. 043 

.503 


150 

2.064 

.555 

.046 

1.508 


180 

2.014 

.009 

. 003 ' 

2.005 


a » 1 


2.000 

.006 

.012 

1.993 

30 

2.000 

.506 

.012 

1.494 

1-4 

60 

2.003 

1.508 

.013 

.495 


90 

2.009 

2.012 

.016 

-.003 


120 

2.016 

1.518 

.020 

.497 


150 

2.012 

.515 

.017 

1.497 


180 

2.001 

.004 

.008 

1.996 




2.000 

.002 

.004 

1.997 

a * 1 

30 

2.000 

.502 

.004 

1.497 

1 » 6 

60 

2.001 

1.502 

.004 

.498 


90 

2.002 

2.003 

.005 

-.001 


120 

2.002 

1 .504 

.006 

.498 


150 

2.001 

.503 

.005 

1.498 


180 

2.000 

.001 

.003 

1.998 




' 2.000 

.075 

.149 

1.925 

a « 2 

30 

2.003 

.572 

• 140 

1.431 

1-4 

60 

2.016 

1.568 

.120 

.447 

90 ' 

2.044 

2.078 

.113 

-.0 34 


120 

2.089 

1.613 

.137 

.475 


150 

2.093 

.624 

.154 

1.469 


180 

2.038 

.078 

.118 

1.960 



1.999 

.001 

.002 

1.998 

a * .5 30 

1.999 

. 500 

0.000 

1.499 

1-2 60 

2.000 

1.500 

0.000 

.499 

90 

2.004 

2.005 

.005 

C.O 

120 

2.030 

1.526 

. 02 2 

.503 

150 

2.111 

, 580 

.049 

1.53o 

iso 

2.034 

.003 

.-.028 

L « 0 ^ 1 



TABLE 4 


: Stresses along the boundary of region 1 , in 
the case of two equal inhomogeneities of unit 
radius deforming equally (chapter XII ) , the 
distance between their centres being three 
units; (Plane stress case, Poisson’s ratio = 1/3) . 
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Hi 

3RMAL STRFSS 

/ <r* 
L 

■) 


.... 

• 

i , - ■ ■'% a _ 

- n * 2x: i 

, k /$* = —< iWssrT 

: ’.p» — ■■ ^ - ■ ■ ■ — 

*/ m. (51= *T i 

~J, L A..=..X 

*«■». -«■.* sr. - s- «. ir i 

I Si — ‘^■‘3- 

,*T 

-I. 6 7b 

-.411 

-2 7499 ' ■“ 

-.986 


- 1 . 454 

30 

-1.499 

-.228 

-2.026 

-.342 

i -2.448 

-.443 

60 

-1.369 

.257 

-1.734 

.426 

i -2.027 

.558 

90 

-1.411 

.500 

-1.840 

.662 

-2.182 

. .794 

120 

-1.483 

.245 

-1.994 

,263 

—2 . 4@2 

.283 

150 

-1.530 

-.254 

-2.092 

-.429 

-2.542 

-.562 

180 

-1.546 

-.504 

-2.124 

-.769 

. -2.588 

-.974 


HOOP STRESS INSIDE 



-1.241 

.531 

-1.500 

.763 

-1.707 

.691 

30 

-1.446 

.301 

-1.973 

.176 

-2.395 

.049 

60 ; 

-1.601 

-.232 

-2.265 

,-.5 26 

-2.796 

-.758 

90 ; 

-1.567 

-.490 

-2.159 

-.733 

-2.634 

-.915 

120 

-1.499 

-.236 

-2.005 

-.32* 

-2.411 

-.379 

150 

-1.452 

.268 

-1.907 

.373 

-2.270 

.472 

180 

-1.437 

.519 

-1.875 

.714 

-2.225 

.885 


HOUR STRESS OUTSIDE 
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